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Preface

A function is called ste er able if transformed v ersions of the function can b e expressed

using linear com binations of a �xed set of basis functions. F or example, translated

v ersions of a sin usoid can alw a ys b e expressed as linear com binations of a sin usoid and

a cosin usoid of the same frequency . Lik ewise, rotated v ersions of the �rst deriv ativ e

of a t w o-dimensional Gaussian can alw a ys b e expressed as linear com binations of

the �rst deriv ativ es of the Gaussian along the x and y axes. Steerabilit y is a v ery

general and often desirable prop ert y . As a result, steerable functions ha v e recen tly

b een applied to an assortmen t of problems in image pro cessing, computer vision, and

computer graphics. Ov er the y ears, a mo derate amoun t of w ork has b een done b oth in

increasing our understanding of steerable functions as w ell as in dev eloping algorithms

to construct them. Nev ertheless, man y of these earlier w orks usually con�ne their

in v estigations to functions that are steerable only under sp eci�c transformations.

In this thesis, w e prop ose a framew ork, based on Lie group theory , for studying

and constructing functions steerable under an y smo oth transformation group. W e ar-

gue that Lie theory is the appropriate mathematical to ol for analyzing the prop erties

of these steerable functions. This p osition is supp orted b y the fact that all existing

analytical approac hes to steerabilit y can b e consisten tly explained within the frame-

w ork. The framew ork pro vides a general tec hnique for iden tifying and constructing

functions steerable under an y transformation group. In particular, the framew ork w as

used to deriv e a canonical form for all functions steerable under an y one-parameter

or an y Ab elian m ulti-parameter transformation group.

The design of a suitable set of basis functions giv en an y arbitrary steerable function

is one of the main problems concerning steerable functions. T o this end, w e ha v e
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dev elop ed t w o v ery di�eren t algorithms. The �rst algorithm is a sym b olic metho d

that can b e implem en ted in an y sym b olic pac k age. T ypically , the basis functions of

a steerable function are deriv ed b y insp ection; this algorithm deriv es the minim al set

of basis functions automatically giv en an arbitrary steerable function. The second

algorithm addresses t w o practical considerations: appro ximate steerabilit y and lo cal

steerabilit y . In practice, functions that need to b e steered migh t not b e steerable

with a �nite n um b er of basis functions. Moreo v er, it is often the case that only

a small subset of transformations within the group of transformations needs to b e

considered. In resp onse to these t w o concerns, the second algorithm computes the

optimal set of k basis functions to steer an arbitrary function under a subset of the

group of transformations.

Lastly , w e demonstrate the usefulness of steerable functions in a v ariet y of ap-

plications. In particular, w e presen t �v e applications that use steerable functions:

(1) con tin uum appro ximation in vision mo deling (a metho d of appro ximating an in�-

nite n um b er of in teracting mec hanism s in a mo del), (2) the design of optimal steerable

�lters for gradien t-based motion estimation, (3) e�cien t linear re-rendering of syn-

thetic scenes under c hanges in illumination, (4) the construction of in v arian ts from

steerable �lters, and (5) the application of steerable functions to discrete sets of p oin ts

and lines.
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Chapter 1

In tro duction

The goal of image understanding is to dev elop metho ds that are capable of making in-

ferences ab out the 3D scene from 2D images. These 2D images are t ypically made up

of samples of irradian t in tensit y or depth. The �rst phase of an y image understand-

ing system, quite commonly , in v olv es data reduction. The amoun t of information

a v ailable in an image is often unmanageable directly; more imp ortan tly , task-sp eci�c

information required b y subsequen t stages in an image understanding system is usu-

ally not explicitly a v ailable. As a result, the data reduction phase is resp onsible for

con v erting the original data in to a more computationally e�cien t and explicit repre-

sen tation, whic h ma y not b e, and is often not, parsimonious. As far as the rest of the

image understanding system is concerned, ho w ev er, these new re-represen ted inputs

are its sole measuremen ts of the 3D scene.

The data reduction phase is often asso ciated with feature detection and extraction.

The most ubiquitous metho d of feature detection in v olv es linear �ltering; this metho d

has its ro ots in matc hed �ltering or template matc hing in 1D signal pro cessing. A

template of the feature to b e detected is �rst constructed and correlated with the

input image. The resulting image of correlation v alues is then examined for lo cations

b earing high correlation. F or example, if the feature to b e detected is an in tensit y step

edge, the partial deriv ativ e of a Gaussian w ould b e an appropriate template. Ho w ev er,

using only one partial deriv ativ e, sa y the partial deriv ativ e in the x -direction, is not

enough. In this case, the correlation result only computes the regularized partial

1
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deriv ativ e of the input image in the x -direction, whic h only indicates the presence

or absence of a v ertical edge. This quan tit y giv es no information ab out the presence

or absence of a horizon tal (or an y o�-v ertical) edge. F urthermore, a detector, using

only this quan tit y , w ould b e unable to discriminate b et w een the presence of a strong

o�-v ertical edge and the presence of w eak v ertical edge.

A brute-force, and often computationally ine�cien t, metho d w ould b e to use m ul-

tiple templates, eac h b eing a partial deriv ativ e in a di�eren t direction; the template

yielding the maxim um resp onse w ould then b e considered as indicating the presence

of an in tensit y edge in its corresp onding orthogonal direction. Ho w ev er, elemen tary

calculus informs us that the partial deriv ativ e along an y direction of a t w o-dimensional

function can alw a ys b e written as a linear com bination of the partial deriv ativ es of the

function along t w o linearly indep enden t directions. Th us, it w ould b e unnecessary to

use more than t w o templates since eac h of the other templates could b e written as

a linear com bination of the �rst t w o basis templates (that are linearly indep enden t).

More imp ortan tly , b ecause correlation is a linear op eration, the r esult of correlating

an y of the other templates could b e expressed as a linear com bination of the results

of the basis templates [F A91 ].

Steerable functions are a sp ecial class of functions c haracterized b y a generalization

of the ab o v e prop ert y . Sp eci�cally , a function is said to b e steerable if transformed

v ersions of the function can alw a ys b e expressed as a linear com bination of a �xed,

�nite set of basis functions. The w eigh ts of the linear com binations are dep enden t

on the parameters of the transformation.

1

In the previous example, the function in

question w ould b e the deriv ativ e of the Gaussian, and the transformation w ould b e

rotation; as suc h, t w o basis functions, corresp onding to the partial deriv ativ es along

an y t w o linearly indep enden t directions, are su�cien t. Mathematically , G

0

�

( x; y ) �

cos( � ) G

0

x

( x; y ) + sin( � ) G

0

y

( x; y ) where G

0

�

; G

0

x

; G

0

y

denote the �rst partial deriv ativ es

in the � -direction, in the x -direction, and in the y -direction resp ectiv ely .

T ransformations other than rotation are also considered in the de�nition. F or

1

Other names ha v e b een used to describ e functions p ossessing this prop ert y with di�eren t re-

strictions. These other de�nitions will b e highligh ted when w e review the existing w ork that has

b een done in this area.
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example, a sin usoid is steerable with resp ect to translation since a translated sin u-

soid is expressible as a linear com bination of a �xed sin usoid and cosin usoid. That

is, sin( x + � x ) � cos( � x ) sin ( x ) + sin( � x ) cos( x ) where the basis functions are sin( x )

and cos( x ), and the w eigh ting or steering functions are cos( � x ) and sin( � x ) resp ec-

tiv ely . The t w o previous examples deal with one-parameter transformations; m ulti-

parameter transformations lik e a com bination of rotation and uniform scaling in the

plane or Euclidean transformation (rotation plus x � and y � translation) are also

included in the de�nition. One example of a function steerable under Euclidean

transformation is the t w o-dimensional parab ola, ( x=a )

2

+ ( y =b )

2

, b ecause an y trans-

formed replica of it can alw a ys b e expressed as a linear com bination of the monomials

x

i

y

j

up to second degree.

The de�nition of a steerable function implies exact steerabilit y; that is, the trans-

formed function m ust b e expressible as a linear com bination of its basis functions in

analytic form. In practice, steerable functions and their basis functions are almost

alw a ys represen ted in sampled form, and this exact requiremen t is often relaxed and

some error is tolerated. Th us, it is often su�cien t that the function b e only appro x-

imately steerable; that is, it can b e describ ed in terms of a linear com bination of

basis functions, allo wing for some amoun t of error. Consequen tly , one migh t w an t

to compute the b est k basis functions to steer a giv en function under some trans-

formation as opp osed to �nding all the basis functions when a large n um b er or an

in�nite n um b er of them migh t b e needed. Although the de�nition suggests that the

transformation applied to the function can b e an y transformation within the family

of transformations, for example, an y uniform scaling of the function, in practice, a

more lo cal requiremen t of steerabilit y is often su�cien t. F ollo wing the same example,

it is p ossible that only a certain mo derate amoun t of scaling is exp ected. Th us, in

con trast to the original global de�nition of steerabilit y , a more lo cal v ersion migh t b e

more useful in practice. These practical subtleties will b e dealt with more precisely

in subsequen t c hapters.
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1.1 Applications of Steerable F unctions

In this section, w e presen t sev eral di�eren t applications in whic h steerable functions

ha v e b een used as motiv ation for the study of this sp ecial class of functions. These

applications are from a wide v ariet y of areas that include image analysis, motion

estimation, in v arian t pattern recognition, and computer graphics. In sev eral of these

areas, the use of steerable functions has not traditionally b een recognized. W e discuss

these examples in some detail and demonstrate that the steerabilit y prop ert y is alw a ys

implicitl y assumed.

1.1.1 Image Analysis

Steerable functions ha v e found application in n umerous areas, the most p opular of

whic h is in image analysis. In [F A91 , P er92, SF95a , Len90b ], v arious metho ds are

describ ed for detecting lo cal image features, lik e edges, junctions, and corners, at

di�eren t orien tations and scales. These metho ds emplo y ste er able �lters , whic h are

simply linear �lters whose k ernels are steerable functions. Because correlation is lin-

ear, the outputs of these steerable �lters are a linear function of the outputs of its

basis �lters. The transformation of the steerable �lter yielding the maxim um resp onse

is usually determined either analytically or via n umerical optimization, and used as

an indication of the presence or absence of the particular structure. Sev eral others

ha v e emplo y ed steerable �lters within the framew ork of a m ulti-resolution p yramid

decomp osition [SF AH92 , SP94 , GBG

+

94 , MP95 ]. These represen tations are usually

o v er-complete and in v ertible. In one suc h decomp osition [SF AH92 ], the image is lo-

cally decomp osed in to m ultiple, o cta v e-spaced, spatial frequency bands; eac h of these

bands are then further decomp osed using a set of basis �lters corresp onding to the set

of basis �lters of an orien tation-steerable �lter. If t w o suc h p yramids are constructed,

one with ev en-phased �lters and the other with o dd-phased �lters, then the decom-

p osition analyzes the lo cal image con ten t in to o cta v e-spaced spatial-frequency bands

selectiv e to b oth orien tation and phase. Suc h lo cal image analysis is useful for a v ariet y

of applications including texture discrimination and segmen tation [Sap96 , GBG

+

94]

and h uman vision mo deling [SH98, TH94a ].
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1.1.2 Motion Estimation

Steerable �lters ha v e also b een used to estimate optical 
o w in image motion se-

quences. Since image motion can b e understo o d as orien tation in the spatio-temp oral

domain [AB85 , W A85], motion estimation can b e impleme n ted using lo cal orien ta-

tion estimators in 3D, th us, naturally extending the 2D image analysis tec hniques

describ ed ab o v e [Hee87, HS93]. Although in n umerous other motion estimation tec h-

niques, the use of steerable �lters is not explicitly noted, the requiremen t that the

motion estimation �lter b e lo cally steerable is alw a ys implicitl y assumed. This can

b e readily seen in the follo wing common �rst-order linearization of the optical 
o w

constrain t: I

t +1

( x ) = I

t

( x + 4 x ) � I

t

( x ) + 4 x � r I

t

( x ), where I

t

and I

t +1

represen t

the images at time t and t + 1 and r I

t

denotes the spatial gradien t of image I

t

. Th us,

a translation of image I

t

is describ ed as a linear com bination of a set of three basis

functions comprising itself and its partial deriv ativ es in the x � and y � directions. In

practice, this constrain t is t ypically implem en te d using �lters. One can sho w that

an equiv alen t condition on the �lters needs to b e satis�ed.

Recen t researc h in the design of accurate optical 
o w algorithms stress the imp or-

tance of c ho osing appropriate basis functions [Sim94 ]. In particular, [XS95b, XS95a]

suggest the use of momen t and h yp ergeometric �lters as basis �lters; also, [LHHC94]

describ es an accurate optical 
o w tec hnique using Hermite p olynomials. When the

motion estimation �lter is quite oscillatory , i.e., it has a narro w pass-band, lik e a Ga-

b or �lter, for instance, then translating it b y a small amoun t giv es rise to a function

that can b e appro ximated b y a linear com bination of an o dd-phased and an ev en-

phased v ersion of it. As a result, translation is also sometime s describ ed as phase

(relativ e to the dominan t frequency of the �lter b eing used, or more accurately , to the

dominan t frequency of the signal presen t within the pass-band). Since these �lters are

band-pass in nature, they ha v e an added adv an tage of b eing insensitiv e to illumina-

tion c hanges b et w een frames. As suc h, v arious researc hers ha v e promoted the use of

suc h �lters in optical 
o w estimation algorithms [Fle90 , W en93 ].

2

The v arious basis

2

While the phase of a complex band-pass �lter is relativ ely insensitiv e to illuminati on c hanges,

the use of complex phase in estimating motion requires some care when the magnitude of the �lter

resp onse is small. This is b ecause the estimate of the phase of the �lter resp onse b ecomes unreliable.
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�lters describ ed ab o v e ha v e b een c hosen usually for their computational e�ciency or

their relativ e insensitivit y to noise. In [ETHO97], the authors describ e a metho d of

designing a least-squares optimal set of basis �lters for measuring optical 
o w that

tak es in to consideration the desired size of the �lters, the exp ected image sp ectrum,

and the distribution of optical 
o w v ectors.

Steerable �lters ha v e also b een used in generalizations of the basic optical 
o w

problem. One common direction in v olv es extending the translation motion mo del

to an a�ne motion mo del. In this case, the n um b er of parameters b eing estimated

is six instead of t w o. Nev ertheless, lo cal steerabilit y of the motion estimation �lter

is still required with resp ect to the a�ne motion mo del; the w eigh ts in the steering

equation are no w a function of the six motion parameters, and t ypically , more basis

functions are necessary . In [XS95a] and [LHHC94], the authors sho w that h yp erge-

ometric �lters and Hermite p olynomial �lters, resp ectiv ely , can b e used to estimate

the a�ne motion parameters as w ell. In [MO93, Man94 ], the authors sho w ho w a�ne

transformation parameters can b e estimated using deriv ativ e of Gaussian �lters with

p ossibly elliptical k ernels.

The abilit y to estimate lo cal image distortion is useful to n umerous other di�eren t

applications in computer vision. F or example, Malik and Rosenholtz [MR93, MR94]

describ e a metho d to compute the orien tation and curv ature of a textured surface from

estimates of the a�ne transformation of the lo cal p o w er sp ectrum. Using a similar

tec hnique, the authors in [SC94b, SC94a ] describ e a tec hnique to compute shap e from

estimates of the a�ne transformation of the lo cal feature densit y . In [TSG94 ], Dijkstra

et al. presen t a metho d to estimate lo cal shap e parameters directly from optical


o w measuremen ts. The stereo problem can also b e considered as a one-dimensional

analogue of the optical 
o w estimation problem. If disparities are k ept small, one-

dimensional optical 
o w tec hniques could b e used. This is usually accomplished b y

computing the disparit y in a coarse-to-�ne manner as demonstrated in [FJ91, XS94 ].

The authors in [XS94] also used the same �lters to estimate shap e from fo cus.

A thorough analysis and solution of the problems in v olv ed in estimating motion from lo cal phase

information is presen ted in [Fle90 ].
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1.1.3 In v arian t P attern Recognition

Man y in v arian t pattern recognition systems b egin b y �rst computing sev eral in tegrals

o v er the pattern using di�eren t w eigh ting functions; the result of these in tegrations

are then com bined suc h that they are in v arian t to some transformation. These in v ari-

an t quan tities could then b e used in a classi�er system to recognize the input pattern

from a database of stored patterns. The most common of these in tegral transforms

is the F ourier transform. It is w ell kno wn that the p o w er sp ectrum of the F ourier

transform of an y pattern is in v arian t to translations of that pattern. More precisely ,

the magnitude of eac h indep enden t complex exp onen tial in the transform is transla-

tion in v arian t. This can b e explained in a v ariet y of w a ys. In the con text of steerable

�lters, consider the complex exp onen tial that could b e implem e n ted using the �lters

sin( x ) and cos( x ), whic h are steerable with resp ect to eac h other. An y translation

of the pattern is equiv alen t to an opp osite translation of the �lters; ho w ev er, an y

translation of sin( x + 4 x ) � cos( 4 x ) sin ( x ) + sin( 4 x ) cos( x ), and a similar iden tit y

holds for cos( x ). Therefore, if the outputs of in tegrating the pattern with the original

�lters w ere s and c , the corresp onding outputs with a translated pattern w ould b e

cos( 4 x ) s + sin ( 4 x ) c and � sin( 4 x ) s + cos ( 4 x ) c resp ectiv ely . Th us, the sum of the

square of the outputs of the t w o �lters is translation in v arian t; that is, indep enden t

of 4 x .

The F ourier-Mellin transform can b e view ed as a reparameterization of the F ourier

transform suc h that rotation and scaling corresp ond to x - and y -translation. As a

result, the magnitude of eac h complex co e�cien t of the F ourier-Mellin transform

is indep enden t of rotation and scale. A similar explanation in terms of steerable

�lters could also b e made in this case; ho w ev er, the �lters and the steering functions

w ould b e di�eren t. In [F C88, RSZ91 , SRZ92 ], the authors sho w ed that it is p ossible

to generalize this F ourier transform tec hnique to other groups of transformations

pro vided eac h of the transformations comm ute . Instead of forming in v arian ts from

the co e�cien ts of single complex co e�cien ts, it is also p ossible to form in v arian ts

using pairs of complex co e�cien ts. This w as demonstrated in [Sim96 ] where the

author constructed suc h in v arian ts o v er rotation.
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Another imp ortan t class of in v arian ts found in pattern recognition are the alge-

braic or momen t in v arian ts. These are in v arian ts that are formed b y taking algebraic

com binations of image momen ts, whic h are in tegrals of the image with p olynomials.

The most w ell-kno wn of these in v arian ts are the sev en translation, scale and rota-

tion in v arian ts prop osed b y Hu [Hu62]. Using a similar tec hnique, Reiss deriv ed the

corresp onding a�ne momen t in v arian ts [Rei91 ]. In the con text of steerable �lters,

computing image momen ts corresp onds to in tegrating with steerable p olynomial �l-

ters; in fact, it is easy to sho w that the p olynomials are steerable with resp ect to

a�ne transformations, and the set of momen ts used to construct the in v arian ts form

a complete set of basis functions.

Apart from these rather sp eci�c classes of in v arian ts, the metho d of normalization

is a general metho d of constructing in v arian ts that is indep enden t of the c hoice of

linear �lters. A pattern recognition system using this tec hnique �rst deriv es features

from the input pattern using a set of linear �lters or some other c hoice of feature

extraction mec hanism. These features are then used to solv e for the transformation

that w ould put the input pattern in to a canonical p ose. This transformation is next

applied to the input pattern; template matc hing of the input pattern in its canonical

p osition is subsequen tly used to determine if the input pattern is presen t in the

database of canonical templates. This tec hnique can b e used to deriv e a wide class

of in v arian ts easily [RSV96]. A theoretical accoun t of the metho d can b e found in

[Ama68 , Ama78 ]. The authors in [RSV96] pro vide a mo dern accoun t of the tec hnique

along with sev eral examples.

There are n umerous other metho ds to construct in v arian ts for pattern recognition,

man y di�er b y the c hoice of linear �lters that are used to in tegrate with the input

pattern. A go o d review of these in v arian ts can b e found in [Rei93, W o o96 ].

1.1.4 Computer Graphics

Steerable �lters ha v e recen tly b een applied to computer graphics. One application

is in the area of texture mapping. T exture mapping is a metho d of describing the

surface prop ert y (e.g. color) of a mo del using an image. During rendering, the surface
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prop ert y of the mo del at a p oin t is determined b y sampling its texture at the p oin t's

corresp onding texture co ordinates. T o a v oid aliasing, p oin t sampling should not b e

used; instead, an area-w eigh ted a v erage should b e computed suc h that the shap e

and size of the �lter k ernel is dep enden t on the viewing and mo del geometry (and

th us shift-v arian t). Ho w ev er, computing these w eigh ted-a v erages during rendering is

computationally exp ensiv e, esp ecially if the size of the �lter k ernel is large; as a result,

sev eral solutions ha v e b een prop osed to precompute these a v erages [Wil83, GH86]

(see [Hec86 ] for a review). The sampling k ernel can b e implem en te d using a steerable

function suc h that view-dep enden t transformations of it are expressible using a linear

com bination of a �xed set of basis k ernels. These basis k ernels are applied to the

image texture prior to rendering, and during rendering, a linear com bination of the

outputs of the basis k ernels is computed. A metho d applying this tec hnique to a

Gaussian sampling k ernel is prop osed in [Got94 ].

In a v ery di�eren t application, steerable functions ha v e b een used to e�cien tly re-

render a syn thetic scene sub ject to illumination c hanges [NSD94, DKNY95, D A G95,

TSH97 ]. With this metho d, the scene is re-rendered after a c hange in illumination

b y linearly com bining a set of basis images. The v alidit y of this approac h rests on

a fundamen tal prop ert y of graphical rendering: linearit y with resp ect to ligh t source

in tensities. If the in tensit y distribution of the ligh t source is mo deled using a steer-

able function (i.e. a ste er able light sour c e ), then transformations of that distribution

(e.g. c hanges in orien tation of a radial distribution) can b e expressed as a linear

com bination of a set of basis in tensit y distributions. Since an image is linearly re-

lated to the in tensit y distribution of its illuminan t, re-rendering the image with the

same view-p oin t but under a c hange of illumination (corresp onding to a steerable

transformation of the original in tensit y distribution) amoun ts to a linear com bination

of the basis images, i.e., the images rendered using the basis in tensit y distributions.

This example demonstrates the wide applicabilit y of steerable functions. Steerable

�lters and steerable ligh t sources share one common c haracteristic: linearit y of their

resp ectiv e op erators (con v olution and rendering resp ectiv ely) allo ws steerabilit y to b e

applied to the outputs of these op erators. In fact, this extension is not limited to

linear op erators; algebraic op erators also p ermit steerabilit y of their outputs.
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Finally , steerable �lters ha v e also b een used in texture syn thesis. In [HB95 ], a

p yramid of steerable �lters w as used to analyze a sample of texture, and then to

syn thesize that texture in a destination image.

1.2 Surv ey of Existing Researc h

In this section, w e review most of the existing results on constructing steerable func-

tions. The b o dy of literature can b e divided in to t w o categories: the n umerical

approac h and the analytical approac h. The n umerical approac h treats the problem

as one of n umerically computing the optimal set of basis and steering functions for

a giv en function and family of transformations; optimalit y is measured using some

function norm, t ypically the L

2

norm. Although this metho d is applicable to almost

an y c hoice of transformations, it tends to b e computationally infeasible for trans-

formations that are describ ed b y a mo derate n um b er of parameters. The analytical

approac h studies the problem b y �rst iden tifying basis functions that are analytically

steerable; for example, sin usoids under translation. The function to b e steered is

then appro ximated with a linear com bination of these basis functions, and steered

b y steering the basis functions. As a result, the basis and steering functions can b e

written in analytic form.

1.2.1 The Numerical Approac h

The n umerical approac h w as pioneered b y P erona [P er92, P er95]. The primary ap-

plication of steerable functions for this author w as its use in �lters designed to detect

lo cal image structures lik e in tensit y edges and junctions suc h that the detection w as

indep enden t of some transformation; e.g. rotation and scale. Analytically , the set of

all transformed replicas of the function to b e steered is treated as a compact linear

op erator for whic h a suitable discrete sp ectral represen tation w as to b e computed;

the author sho w ed that under certain conditions, the op erator p osseses a discrete

sp ectrum. This discrete sp ectral represen tation pro vides a set of optimal basis and
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steering functions that could b e used to steer the giv en function. In the case of steer-

ing a function o v er rotation, the author sho w ed that the basis and steering functions

can b e deriv ed analytically when the function to b e steered is describ ed b y a F ourier

series.

Nev ertheless, in practice, the metho d is almost alw a ys implem en ted n umerically

b y computing the singular v alue decomp osition of a particular matrix F suc h that

F = U S V

T

where S is a diagonal matrix of p ositiv e singular v alues, U

T

U = I and

V

T

V = I . This matrix corresp onds to a sampled represen tation of the compact linear

op erator describ ed ab o v e; sampling is carried out o v er b oth the spatial co ordinates

(i.e. the steered function's co ordinates) and the transform parameters. Eac h column

of F con tains a spatially sampled represen tation of a particular transformed v ersion

of the function to b e steered; th us, the columns of F en umerate all transformed

replicas of the steered function. Lik ewise, the columns of U con tain the orthogonal

basis functions in sampled form, while eac h column of V con tains a sampled v ersion

of the steering function asso ciated with eac h basis function. The diagonal en tries

in S are t ypically arranged in decreasing order of magnitude suc h that s

ii

� s

j j

for

i < j . Setting the smaller singular v alues in S to zero e�ectiv ely selects the �rst k

basis and steering functions. These k basis and steering functions corresp ond to an

optimal least-squares set.

There are sev eral v arian ts of this approac h. In [SP94 ], the authors prop osed

a metho d of constructing an optimal set of basis functions that are also spatially

separable. Spatially separable �lters are computationally e�cien t since con v olution

with a m ulti-dim e nsional separable �lter could b e implem en te d as a sequence of one-

dimensional con v olutions. The basis functions and their steering functions w ere com-

puted using iterativ e minimi zation. The authors in [GBG

+

94] demonstrated that an

appro ximate steering equation can b e computed for a �xed set of basis functions.

Namely , the basis functions w ere from an e�cien t implem e n tation of sev eral orien-

tation sensitiv e band-pass �lters that w ere applied to eac h spatial frequency band of

a Laplacian p yramid. Th us, the authors w ere able to steer the orien tation sensitiv e

band-pass �lters o v er rotation. The ob vious requiremen t here is that the �lters b e
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complete (or o v ercomplete ). Finally , in [MP95], the basis �lters to steer a giv en func-

tion o v er a large range of scales (e.g. t w o o cta v es) is computed suc h that the basis

�lters can b e implem en ted recursiv ely in a p yramidal framew ork; that is, the set of

basis �lters is divided in to subsets suc h that the �lters in eac h subset are applied

to an increasingly lo w passed and decimated v ersion of the original image. Since

decimation is in v olv ed, the authors also minim ize the amoun t of spatial aliasing in

the system b y optimizing o v er all (necessary) translates of the steered function. The

en tire optimization problem is solv ed iterativ ely .

The main adv an tage of this approac h is that it is applicable to almost an y trans-

formation in practice. The metho d is the easier of the t w o approac hes to understand

and for man y problems, its implem en tation simply in v olv es computing the singular

v alue decomp osition of a matrix. Its main disadv an tage is the computational ine�-

ciency or infeasibilit y of using the tec hnique to construct accurate basis functions o v er

transformations in v olving more than t w o parameters. In cases where the transforma-

tions are also groups, this metho d do es not explicitly tak e adv an tage of the man y

useful theoretical results of transformation groups. Finally , the basis and steering

functions are also t ypically computed in sampled form.

1.2.2 The Analytical Approac h

The analytical approac h precedes the n umerical approac h and w as p opularized b y

F reeman and Adelson [F A91]. The authors w ere primarily concerned with steering

a �lter o v er orien tation. They pro vided an analytical form for functions that w ere

capable of b eing steered o v er orien tation; this form essen tially requires that the p olar

represen tation of the steered function ha v e a �nite angular decomp osition in terms

of complex exp onen tials. They also sho w ed that p olynomials windo w ed b y radially

symmetri c functions w ere steerable o v er orien tation. Because the basis functions w ere

deriv ed analytically , the steering functions w ere also obtained in analytic form.

The results of F reeman and Adelson w ere extended b y Simoncelli et al. in [SF AH92 ]

where the authors in v estigated the p ossibilit y of analytically steering a function o v er
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translation, rotation, or scaling. They also explored the issue of sim ultaneously steer-

ing a function o v er sev eral domains. They concluded that it w as not p ossible to join tly

steer o v er translation and scaling unless one of the domains, for example translation,

w as fully sampled (i.e. not subsampled). In the case of steering a function o v er scale,

the authors describ ed a metho d for steering purely symmetri c or an ti-symmetric func-

tions. The metho d considered scaling as translation in a suitably w arp ed spatial do-

main. The ideal spatial w arping is logarithmic; ho w ev er, to cop e with the singularit y

at the origin, the authors used a mo di�ed logarithmic w arp that in tersected with the

origin and w as linear ab out it. This w as p ossible b ecause the steerabilit y prop ert y is

indep enden t of the particular c hoice of spatial w arping. Ho w ev er, this mean t that, at

�ne scales, the functions w ere not scaled copies of one another. Finally , to consider

scaling only o v er a small in terv al, the authors assumed that the function to b e steered

has a radially p erio dic extension.

A framew ork based on tensor in v ariance to deriv e the functional form of functions

steerable under n-D rotation is presen ted in [Bei94 ]. The author observ ed that in

order for a function to b e steerable under rotation, it has to b e in v arian t under

sim ultaneous rotation of b oth its basis and steering functions; that is, rotating the

basis function and rotating the steering function b y the same amoun t should lea v e

the steered function unc hanged. This is an observ ation based on the fact that the

origin of the rotation parameter is arbitrary , or more accurately , dep enden t on the

orien tation of the basis functions. It follo ws then that the steered function m ust b e

expressible as a function of suc h in v arian ts. The set of all suc h in v arian ts w as deriv ed

b y the author using Cartesian tensor calculus.

Actually , analytical steerabilit y has b een in v estigated b y sev eral other authors

under the notion of �lter adaptivit y ([And92, Hag92 ]; see [GK95 ] for a review). In

particular, Andersson [And92] prop osed a robust metho d of estimating lo cal orien-

tation in 2D and 3D using a particular set of orien tation and phase adaptiv e �lters.

Haglund [Hag92 ] describ ed a phase-based represen tation of images using orien tation

adaptiv e �lters; he also demonstrated the use of orien tation adaptiv e �lters in sev-

eral applications, including image enhancemen t, optical 
o w estimation and disparit y

estimation from stereo pairs.
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Muc h of the earlier analytical w ork on steerable �lters examined the construction

of suitable basis �lters under particular transformations lik e translation, rotation, or

scaling. These transformations w ere sp ecial b ecause under w ell-kno wn reparameter-

izations, they could b e treated as translations in the new domain for whic h F ourier

analysis pro vided a w ell-understo o d theoretical framew ork. In [Mic95a, Mic95b], the

authors applied the mathematical theory of Lie transformation groups to sho w that

a function is steerable under a group of transformations (i.e. a family of transforma-

tions that also p ossesses algebraic group prop erties) only if its basis functions form

an in v arian t subspace with resp ect to the in�nitesimal generator of the group, whic h

is the di�eren tial op erator obtained b y computing the deriv ativ e of the transform

at the iden tit y . In particular, the complex exp onen tials form an in v arian t subspace

under the in�nitesimal generator of translation and th us, pro vide a basis for steering

functions under translation.

The authors p oin t out that an y one-parameter transformation group can b e repa-

rameterized to resem ble the group of translations for whic h the complex exp onen tials

(in the new domain) are appropriate as basis functions. The case of steering o v er

scale is treated in greater detail where the authors prop osed an alternativ e metho d to

the one suggested b y Simoncelli et al. [SF AH92 ]. Unlik e the latter, the new metho d

do es not in v olv e mo difying the logarithmic w arp near the origin. Instead, the authors

argue that the pro jection of the steered function on to the complex exp onen tials in

logarithmic space is not singular due to the presence of a non-iden tit y measure that

cancels the singularit y; furthermore, the singularit y at zero of the complex exp onen-

tials in logarithmic space can b e dealt with b y de�ning the v alue at zero to b e zero

for all the basis functions except one, whic h can b e c hosen arbitrarily .

The main adv an tage of the analytical approac h is that the basis and steering

functions are deriv ed in analytic form. The a v ailabilit y of the steering function in an-

alytic form allo ws steering to b e carried out analytically; this is necessary for certain

applications lik e motion estimation and the computation of in v arian ts as will b e de-

scrib ed in Chapter 6. Another adv an tage of this approac h is that its computational

complexit y is often indep enden t of the n um b er of parameters required to describ e

the transformation. In the case of group transformations, Lie group theory pro vides
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the most appropriate mathematical to ol to understanding steerabilit y . The ob vious

disadv an tage is the restriction of the analysis to group transformations. F ortunately ,

this restriction is not to o sev ere for applications in image pro cessing and computer

vision as man y commonly used transformations are group transformations.

1.3 Con tributions of this Thesis

In this thesis, w e establish a framew ork based on Lie theory that facilitates the

analysis and promotes the understanding of steerable functions. W e argue that Lie

theory is the appropriate mathematical to ol for discussing steerable functions under

smo oth transformation groups. This p osition is supp orted b y the fact that all existing

analytical approac hes to steerabilit y can b e consisten tly explained using Lie theory

(b ecause they in v olv e smo oth transformation groups).

The framew ork is useful as it describ es the nonlinear

3

steerabilit y prop ert y in

terms of �rst order, linear di�eren tial op erators. In doing so, it pro vides a gen-

eral tec hnique for constructing steerable functions under an y transformation group.

F urthermore, the linearit y of the di�eren tial op erators implies that the w ealth of

concepts and tec hniques from linear algebra can b e applied to analyzing steerable

functions. In particular, the Jordan decomp osition of square matrices is used to de-

riv e a complete classi�cation of all functions steerable under an y one-parameter or

an y m ulti-parameter Ab elian transformation group.

In addition to classifying the functions steerable under di�eren t transformation

groups, the framew ork is also used to design t w o v ery di�eren t algorithms for con-

structing basis functions to steer a giv en function. The �rst algorithm is a compu-

tational, sym b olic metho d of deriving the basis functions of an arbitrary analytically

steerable function. It could b e impleme n ted in an y sym b olic pac k age (lik e Maple

or Mathematica) and used to automatically deriv e the set of basis functions for a

3

Steerabilit y is nonlinear b ecause the group transformation that is applied to the co ordinates of

a function could b e arbitrarily nonlinear (e.g. pro jectiv e transformation). Steerabilit y is, ho w ev er,

linear in terms of the function b eing transformed b ecause transforming the sum of t w o functions is

equiv alen t to the sum of t w o indep enden tly transformed functions.
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giv en steerable function. The second algorithm addresses t w o problems: appro xi-

mate steerabilit y and lo cal steerabilit y . In practice, functions that need to b e steered

migh t not b e analytically steerable; that is, steerable with a �nite n um b er of basis

functions. Th us, the problem b ecomes one of �nding the b est set of k basis functions.

Although Lie transformation groups are common in man y applications, one can often

assume that only a small amoun t of transformation (e.g. a small amoun t of transla-

tion or scaling) is ev er applied or encoun tered. Therefore, it w ould b e unnecessary

to design functions steerable o v er the en tire family of transformations. The second

metho d addresses these t w o practical concerns b y com bining the Lie group-theoretic

approac h of the framew ork and the n umerical singular v alue decomp osition tec hnique.

The result is an algorithm that computes the b est set of k basis functions to steer

a giv en function under a subset of the group of transformations. Unlik e the v anilla

SVD approac h, this tec hnique is more computationally e�cien t for m ulti-parame ter

transformations.

Finally , w e demonstrate that steerable functions are useful in a v ariet y of appli-

cations. In particular, w e describ e the use of steerable functions in �v e applications:

(1) appro ximating an in�nite n um b er of in teracting mec hanisms in a mo del of early

h uman visual pro cessing (con tin uum appro ximation), (2) the design of optimal steer-

able �lters for gradien t-based motion estimation, (3) e�cien t linear re-rendering of

syn thetic scenes under c hanges in illumination, (4) the construction of in v arian ts from

steerable �lters, and (5) the application of steerable functions to discrete sets of p oin ts

and lines.

The rest of the thesis is organized in to �v e c hapters. In Chapter 2, w e pro vide an

in tro duction to the Lie theory of transformation groups and in tro duce the de�nition

of a steerable function that will b e used in the rest of this w ork. Chapter 3 eluci-

dates the mathematical framew ork surrounding steerable functions and prop oses a

canonical decomp osition of all functions steerable under an y one-parameter or m ulti-

parameter Ab elian transformation groups. Chapter 4 presen ts a sym b olic algorithm

for deriving the basis functions of an y steerable function. Chapter 5 describ es an

e�cien t n umerical metho d for computing the optimal k basis functions to steer an y

giv en function under a subset of the group of transformations. In Chapter 6, the use
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of steerable functions in �v e di�eren t applications is presen ted. Finally , the thesis is

concluded in Chapter 7.

1.4 Lie Theory in Related Areas

Before concluding this c hapter, w e describ e the application of Lie theory in sev eral

areas related to image pro cessing and computer vision. Lie theory is concerned with

the study of top ological groups that can b e giv en an analytical structure suc h that

the group comp osition and in v ersion are analytic. One imp ortan t class of suc h groups

in computer vision and image pro cessing is the class of smo oth spatial (co ordinate)

transformation groups; for example, translation, rotation, scaling, and shearing. The

theory pro vides a mathematical framew ork within whic h to study suc h groups and

their action (for example, the co ordinate transformation of functions). Issues suc h

as the equiv alence of translation and scaling (up to a c hange of parameterization)

are easily resolv ed within the framew ork. The nonlinear e�ect of the co ordinate

transformations on functions is more easily explained using the theory .

Although Lie theory has only recen tly b een in tro duced to the study of steerable

functions, it has b een applied to sev eral other areas in computer vision and im-

age pro cessing. S. Amari w as one of the earliest to recognize the relev ance of Lie

theory to in v arian t feature detection [Ama68 , Ama78 , Ama87]. R. Lenz in n umer-

ous publications [Len89b , Len89a , Len90a , Len91 , Len94 , LH97 ] and in his b o ok on

the application of group theoretical metho ds in image pro cessing [Len90b ] pro vide a

comprehensiv e in tro duction to the theory with examples of applications to feature

extraction, motion analysis, and other applications. The use of Lie theory in motion

analysis had also b een in v estigated b y R. Eagleson [Eag92a , Eag92b ]. In a recen t w ork

b y K. Nordb erg [Nor94], the author prop osed a represen tation, using Lie theory , for

signals that are transformed b y op erator groups.

Lie theory has also b een used in constructing nonlinear curv e and surface ev o-

lution equations that are in v arian t under the group of sp ecial a�ne transforma-

tions [Sap93 ]. This is accomplished b y c ho osing an a�ne-in v arian t parameterization

of the curv e (the a�ne arc length) and describing the ev olution of the curv e using
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only di�eren tial a�ne-in v arian t quan tities lik e the a�ne-in v arian t normal v ector and

the a�ne-in v arian t curv ature. Similar metho ds w ere used b y the authors in [OST96]

to construct an a�ne-in v arian t edge detector and an a�ne-in v arian t activ e con tour.

A go o d collection of early w orks on the sub ject can b e found in [Rom94]. [Gug63 ]

pro vides a go o d explanation of di�eren tial in v arian ts using Lie theory . In a di�eren t

application, T. Mo ons et al. use Lie theory to construct semi-di�eren tial in v arian ts,

whic h are in v arian ts made up of a com bination of p oin ts and deriv ativ es [MPGO95 ].

Other approac hes to constructing in v arian ts are describ ed in [Me92 ].

Finally , similarities b et w een the Lie theory of transformation groups and asp ects

of the h uman visual system ha v e also b een suggested b y W. C. Ho�man and oth-

ers [Hof66a , Hof66b, Hof70 , Do d83 , PJ89 ].



Chapter 2

Concepts and Mathematical

Prelim i nari es

In this c hapter, w e describ e the prop erties of Lie groups, b oth as transformation

groups and as matrix groups. W e then in tro duce the Lie algebra asso ciated with a

Lie group. This Lie algebra is related to the original group via an exp onen tial map

that is bijectiv e under certain conditions. This close asso ciation b et w een Lie groups

and Lie algebras allo ws prop erties of a nonlinear Lie group to b e iden ti�ed with

prop erties of its linear Lie algebra. Finally , w e pro vide a de�nition of steerabilit y

in conjunction with Lie transformation groups. W e also sho w that p olynomials of

steerable functions are steerable. The mathematical treatmen t of Lie groups and Lie

algebras in this c hapter is rudimen tary; only the necessary concepts are presen ted.

F or a more detailed exp osition of Lie theory , please refer to the n umerous b o oks on

the sub ject [Coh11 , BK89 , CSM95, Her66, SW73 , Kir76, Kna86 , T al68 , Olv95].

19
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2.1 Lie Groups

Lie groups are often encoun tered as transformation groups, that is, as families of

transformations acting on a signal. Common examples in image pro cessing and com-

puter vision include: translations, scalings, rotations, a�ne, and pro jectiv e transfor-

mations of images, lines or p oin ts. In this w ork, w e consider, primarily , the fam-

ilies of transformation groups acting on real-v alued, t w o-dimensional images. W e

assume that these images are non-zero only within a b ounded region and denote

them b y s ( x; y ) : R

2

7! R . W e describ e eac h family of transformations b y op er ators

f g ( �

1

; : : : ; �

k

) g where �

i

2 R are parameters of the transformation. The restriction

of the range of s to R is arbitrary; most of the prop erties to b e presen ted will also

apply to C (complex-v alued images).

F or example, consider the family of one-dimensional translations of an image in

the x -direction:

^s ( ^ x ; ^y ) = g

t

x

( � ) s ( x; y ) = s ( x � � ; y )

where � denotes the amoun t of translation. In w ords, the op erator g

t

x

( � ) acts on the

original image s ( x; y ) to yield a new translated image ^s ( ^ x; ^y ) = s ( x � � ; y ).

A family of transformations f g ( �

1

; : : : ; �

k

) g parameterized b y �

1

; : : : ; �

k

o v er some

prede�ned range is a Lie group if: (1) it satis�es the group conditions of closure under

comp osition, asso ciativit y , in v erse and the existence of an iden tit y , and (2) the maps

for in v erse and comp osition are smo oth (in�nitely di�eren tiable). Th us, the family of

translations forms a Lie group: First, ev ery translation op erator g

t

x

( � ) has an in v erse,

namely , g

t

x

( � ( � )) where � ( � ) = � � . Since � (0) = 0, g

t

x

(0) is the iden tit y op erator.

1

Second, comp osition of t w o op erators can b e describ ed b y a third op erator whic h

also b elongs to the same family , i.e. g

t

x

( �

a

) g

t

x

( �

b

) = g

t

x

( � ( �

a

; �

b

)) where � ( �

a

; �

b

) =

�

a

+ �

b

. In addition, comp osition is asso ciativ e, that is to sa y , g

t

x

( �

a

)( g

t

x

( �

b

) g

t

x

( �

c

)) =

( g

t

x

( �

a

) g

t

x

( �

b

)) g

t

x

( �

c

); as suc h, � ( �

a

; � ( �

b

; �

c

)) = � ( � ( �

a

; �

b

) ; �

c

). Finally , b oth the

in v erse map, � ( � ), and the comp osition map, � ( �

a

; �

b

) are smo oth. In abstract mathe-

matical terms, a Lie group is a smo oth manifold that has a smo oth map satisfying the

1

W e will t ypically parameterize the group suc h that � = 0 corresp onds to the iden tit y op erator;

this is alw a ys p ossible since ev ery elemen t of the group has an in v erse.
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group prop erties describ ed ab o v e; in the previous example, the manifold corresp onds

to the parameter space � and the smo oth map is the comp osition map � . The dimen-

sion of the parameter space of a Lie transformation group ma y b e di�eren t from the

dimension of the image space up on whic h it acts. Here, the family of translations in

the x -direction forms a one-parameter Lie group ( � 2 R ) while the space up on whic h

it acts is t w o-dimensional (( x; y ) 2 R

2

).

Another familiar family of transformations that is also a Lie group is the group

of rotations in the plane g

r

( � ) suc h that ^s ( ^ x ; ^y ) = g

r

( � ) s ( x; y ) = s ( x cos � �

y sin � ; x sin � + y cos � ). It is straigh tforw ard to c hec k that the necessary conditions,

v eri�ed in the previous example, are also satis�ed here. The family of transforma-

tions de�ned b y g

t

x

;t

y

( �

1

; �

2

) s ( x; y ) = s ( x � �

1

; y � �

2

) is a t w o-parameter Lie group

of x - and y -translations in the plane. Alternativ ely , the family of rotation and x -

translation, g

r ;t

x

( �

1

; �

2

) s ( x; y ) = s ( x cos �

1

� y sin �

1

+ �

2

; x sin �

1

+ y cos �

1

), is another

t w o-parameter Lie transformation group.

A subgroup of a group is a subset of the original group suc h that, together with

the comp osition map, is a group o v er the subset alone. This subset therefore has to

include the iden tit y elemen t. F or example, in the group of x - and y -translations, the

set of all x -translations with a �xed y -translation is a one-parameter subgroup since

an y comp osition of transformations from the subset yields a transformation also in

that subset. Lik ewise, the set of rotations ab out the origin, is a subgroup of the group

of rotations and x -translations. Ho w ev er, the set of rotations together with a �xed,

non-zero x -translation is not a subgroup. It can b e sho wn that an y m ulti-parame ter

group can b e decomp osed in to a collection of one-parameter subgroups where eac h of

the one-parameter subgroup is formed b y �xing all but one of the parameters to the

v alue corresp onding to the iden tit y elemen t. This is a useful w a y of understanding

m ulti-parameter groups.

A group is called Ab elian (or comm utativ e) if all pairs of elemen ts from the group

comm ute; that is, g ( �

a

) g ( �

b

) = g ( �

b

) g ( �

a

) for all �

a

; �

b

, or equiv alen tly , � ( �

a

; �

b

) =

� ( �

b

; �

a

). It can b e sho wn that all one-parameter groups (or subgroups) are Ab elian;

examples of these include the group of one-dimensional translation or the group of

rotation. Tw o subgroups are said to comm ute if all pairs of elemen ts from eac h
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subgroup comm ute; that is, g

a

( �

a

) g

b

( �

b

) = g

b

( �

b

) g

a

( �

a

) for all �

a

; �

b

, where g

a

; g

b

are t w o di�eren t subgroups. As a result, a m ulti-parameter group is Ab elian if and

only if it is made up of one-parameter subgroups that comm ute. The group of x -

and y -translations is Ab elian, for instance, since translating �rst b y x - and then b y

y - is the same the other w a y around. Con v ersely , the group of rotations and x -

translations is not comm utativ e since c hanging the order of app ying the t w o one-

parameter transformations pro duces di�eren t results.

Lie groups are not restricted to transformation groups. In fact, one of the most

p opular examples of Lie groups are matrix groups, the most common of whic h is the

group of in v ertible n � n complex or real matrices kno wn as the general linear group,

GL ( n; C ) or GL ( n; R ), resp ectiv ely . These matrices form a group with matrix m ul-

tiplication as the comp osition map and the iden tit y matrix as the iden tit y elemen t.

One common subgroup of the general linear group is the orthogonal group O ( n; C )

or O ( n; R ), whic h consists of orthogonal matrices where orthogonalit y is de�ned with

resp ect to some appropriate inner-pro duct. Matrix m ultiplic ation preserv es the or-

thogonalit y prop ert y of the matrices; th us, matrices b elonging to O ( n; C ) or O ( n; R )

form a subgroup of the resp ectiv e general linear group. A closely related subgroup

is the sp ecial orthogonal group S O ( n; C ) or S O ( n; R ), whic h is made up of orthog-

onal matrices with determinan ts equal to one. These subgroups are p opular b ecause

while the group O (3 ; R ) is related to the group of 3D rotations and re
ections ab out

the origin, the group S O (3 ; R ) is related to the group of pure 3D rotations. Besides

matrix groups, another common group is the additiv e group in either R

n

or S

n

.

2

The elemen ts of the group are elemen ts in R

n

or S

n

while the comp osition map is

addition; in the case of S

n

, addition is p erformed mo dulo 2 � . When n equals one, w e

get the additiv e group o v er the reals R and the additiv e group o v er the circle S .

Similarities b et w een t w o groups can b e made precise through the use of a map-

ping b et w een elemen ts of the t w o group kno wn as a homomorphism . A homomor-

phism is a mapping from the one group to another that comm ute s with comp osition

of the t w o groups. That is, a homomorphism is a map � : G ! H suc h that

�( g

1

g

2

) = �( g

1

)�( g

2

) where G; H are t w o groups g

1

; g

2

2 G , and �( g

1

) ; �( g

2

) 2 H .

2

S

n

is de�ned as S � : : : � S where S is a top ological space equiv alen t to a unit circle.
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Group Transformation
g(t ) f(x,y) = f(x', y')

Tangent Space
span{ L_1, L_2, ..., L_k }

Derivative

Exponential Map

Non-linear Linear

Figure 1: The relationship b et w een the Lie group and its tangen t space (Lie algebra)

is due to the exp onen tial map, whic h maps an elemen t in the tangen t space on to an

elemen t of the group in the neigh b orho o d of the iden tit y .

A homomorphism that is bijectiv e is kno wn as an isomorphism . Groups that can b e

related via an isomorphism are said to b e isomorphic to eac h other, and ha v e iden tical

algebraic prop erties. F or example, n -parameter Ab elian groups are isomorphic only

to other n -parameter Ab elian groups. The Ab elian prop ert y is preserv ed across iso-

morphisms. Another example of a pair of isomorphic groups is the group of rotations

in 3D with the group of matrices S O (3 ; R ).

2.2 Lie Algebras

Lie groups are ric h in structure and man y prop erties of the group can b e discerned

b y studying its corresp onding Lie algebra. The close relationship b et w een Lie groups

and Lie algebras allo ws prop erties of a group to b e asso ciated one-to-one, in man y

cases, with prop erties of the algebra.

2.2.1 T angen t Space

The Lie algebra asso ciated with a group is de�ned on a v ector space kno wn as the

tangent sp ac e of the group that is spanned b y a set of in�nitesimal gener ators of the

group. Eac h in�nitesimal generator corresp onds to the total deriv ativ e of the group

action with resp ect to one of its parameters, ev aluated at the iden tit y . Con v ersely , the

tangen t space generates a group via the exp onen tial map that is similar to the original
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group. The generated group and the original group are equiv alen t when the original

group is simply connected. This fundamen tal relationship b et w een Lie groups and

Lie algebras is depicted in Figure 1, and forms the basis of the connection b et w een

Lie groups and Lie algebras.

One-parameter T ransformation Groups. F or a one-parameter transformation

group parameterized b y � and acting on an image s ( x; y ), the in�nitesimal trans-

formation of the group ab out the iden tit y ( � = 0) is de�ned using Leibnitz's c hain

rule:

d

d�

( g ( � ) s )

�

�

�

�

�

� =0

=

d ^s

d�

�

�

�

�

�

� =0

=

 

@ x

@ �

@

@ x

+

@ y

@ �

@

@ y

+

@

@ �

!
�

�

�

�

�

� =0

^s:

The di�eren tial op erator on the righ t hand side of the equation is the in�nitesimal

generator of the transformation and is denoted b y L , i.e.

L =

 

@ x

@ �

@

@ x

+

@ y

@ �

@

@ y

+

@

@ �

!
�

�

�

�

�

� =0

(1)

The partial deriv ativ e with resp ect to � is zero when the group do es not a�ect the

signal in w a ys other than through a co ordinate transformation.

The set of elemen ts G = f � L j � 2 R g forms the one-dimensional tangen t space

of the group where L can b e though t of as a one-dimensional basis v ector. There is

a strong connection b et w een the tangen t space and the Lie group from whic h it w as

deriv ed. Namely , eac h elemen t g ( � ) of the group can b e generated b y an elemen t in

the tangen t space, � L 2 G , via the exp onen tial map:

3

g ( � ) s ( x; y ) = e

� L

s ( x; y ) (2)

where � is the parameter of the group. The notation e

� L

represen ts the series ex-

pansion e

� L

= I + � L +

1

2!

�

2

L

2

+ � � � , whic h is an in�nite sum of di�eren tial op era-

tors [Coh11 ]. This is a rather surprising result since the op erator g ( � ) can transform

the image in highly nonlinear w a ys while G is simply a linear v ector space.

3

T o b e precise, this is only true for group elemen ts su�cien tly close to the iden tit y elemen t so

that their T a ylor expansions con v erge, and for elemen ts within the connected comp onen t con tain-

ing the iden tit y . W e will t ypically consider simply connected transformation groups for whic h the

exp onen tial map is bijectiv e.
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Group T ransformation Generator

x -translation g

t

x

( � ) f ( x; y ) = f ( x � � ; y ) L

t

x

= �

@

@ x

x -scaling g

s

x

( � ) f ( x; y ) = f ( e

� �

x; y ) L

s

x

= � x

@

@ x

x -pro jectiv e g

p

x

( � ) f ( x; y ) = f ( x= (1 + � x ) ; y ) L

p

x

= � x

2
@

@ x

y -translation g

t

y

( � ) f ( x; y ) = f ( x; y � � ) L

t

y

= �

@

@ y

y -scaling g

s

y

( � ) f ( x; y ) = f ( x; e

� �

y ) L

s

y

= � y

@

@ y

y -pro jectiv e g

p

y

( � ) f ( x; y ) = f ( x; y = (1 + � y )) L

p

y

= � y

2
@

@ y

Rotation g

r

( � ) f ( x; y ) = f ( x cos � � y sin � ; x sin � + y cos � ) L

r

= � y

@

@ x

+ x

@

@ y

Uniform scaling g

s

( � ) f ( x; y ) = f ( e

� �

x; e

� �

y ) L

s

= � x

@

@ x

� y

@

@ y

T able 1: Sev eral examples of one-parameter transformation groups and their in�ni-

tesimal generators.

Recall the group of translations in the x -direction presen ted earlier. The deriv ativ e

of the transformation ab out the iden tit y is

d ^s

d�

�

�

�

�

�

� =0

= �

@

@ x

^s

and hence its generator is L

t

x

= �

@

@ x

. Using the exp onen tial map suggested in

Equation 2, w e �nd that

g

t

x

( � ) s = e

� L

t

x

s

= (1 � �

@

@ x

+

1

2!

�

2
@

2

@ x

2

+ � � � ) s

= s � �

@ s

@ x

+

1

2!

�

2

@

2

s

@ x

2

+ � � �

whic h is exactly the T a ylor expansion of s ( x � � ; y ) ab out � = 0. F urther examples

of one-parameter transformation groups and their generators are giv en in T able 1.

The in�nitesimal generators of the general linear group GL ( n; R ) or GL ( n; C ) of

matrices is de�ned in a similar w a y . Eac h in�nitesimal generator, in this case, is an

arbitrary (p ossibly singular) n � n matrix. F or example, the one-parameter subgroup

of 2 � 2 rotation matrices:

A ( � ) =

0

@

cos ( � ) � sin( � )

sin( � ) cos( � )

1

A
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has the follo wing matrix as its in�nitesimal generator:

B =

d

d�

A ( � )

�

�

�

�

�

� =0

=

0

@

0 � 1

1 0

1

A

:

Applying the exp onen tial map to the matrix B (m ultiplie d b y the scalar � ) yields

the matrix A ( � ). In this case, exp onen tiating the in�nitesimal generator, whic h is a

matrix, in v olv es computing a p o w er series in terms of the matrix:

e

� B

= I + � B +

1

2!

�

2

B

2

+ : : : = A ( � ) ;

where B

i

refers to the result of m ultiplying the matrix B b y itself i times.

Multi-parameter T ransformation Groups. The situation with m ulti-parame ter

Lie groups is analogous. The in�nitesimal generators of a m ulti-parameter group

are the di�eren tial op erators f L

i

j i = 1 : : : k g corresp onding to deriv ativ es of the

transformation at the iden tit y with resp ect to eac h parameter �

i

in turn, i.e.

d ^s

d�

i

�

�

�

�

�

� = 0

= L

i

^s

where

L

i

=

 

@ x

@ �

i

@

@ x

+

@ y

@ �

i

@

@ y

+

@

@ �

i

!
�

�

�

�

�

� = 0

The k generators pro vide a basis for the k -dimensional tangen t space G = f �

1

L

1

+ � � � +

�

k

L

k

j �

1

; : : : ; �

k

2 R g .

4

As b efore, there is a corresp ondence b et w een a k -parameter

Lie group and its k -dimensional tangen t space in the form of the exp onen tial map:

g ( �

1

; : : : ; �

k

) s ( x; y ) = exp f

k

X

i =1

�

i

L

i

g s ( x; y ) : (3)

Although the exp onen tial map pro vides a corresp ondence b et w een ev ery op erator

in the Lie group and ev ery elemen t in its tangen t space (barring the considerations

raised earlier for one-parameter groups), the parameterization of the group generated

b y the exp onen tial map ma y b e di�eren t from that of the original group. Hence,

4

Lo osely sp eaking, the linear indep endence of the k generators is assured if the k -parameter group

from whic h it w as deriv ed cannot b e replaced b y another with few er parameters [Coh11 ].
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the exp onen tial map generates a group similar to the original group up to a c hange

of parameterization. F or example, consider the t w o parameterizations of the t w o-

parameter a�ne group acting solely on the x co ordinate:

g

1

( �

1

; �

2

) s ( x; y ) = s ( e

�

1

x � �

2

; y ) ;

g

2

( �

1

; �

2

) s ( x; y ) = s ( e

�

1

( x � �

2

) ; y ) :

Both yield the same generators:

L

1

�

1

= L

2

�

1

= x

@

@ x

; L

1

�

2

= L

2

�

2

= �

@

@ x

:

Hence, the exp onen tial map will generate the same group for b oth. In fact, using

Equation 3, w e obtain the group parameterized as follo ws:

g

0

( �

1

; �

2

) s ( x; y ) = s ( e

�

1

x �

�

2

�

1

( e

�

1

� 1)) :

This is not a problem as w e are often in terested in the group of transformations and

not the particular parameterization of it. F urthermore, w e can easily reparameterized

the generated group using the original parameterization.

As exp onen tiating long sums of di�eren tial op erators can b ecome rather cum b er-

some, another more useful map, prop osed b y Lie himself, is the follo wing:

g ( �

1

; : : : ; �

k

) s ( x; y ) = (

k

Y

i =1

e

�

i

L

i

) s ( x; y ) = e

�

1

L

1

� � � e

�

k

L

k

s ( x; y ) : (4)

The ordering of the individual exp onen tial maps is arbitrary but that is not to sa y

that di�eren t orderings giv e rise to the same parameterization of the group. Actually ,

the c hoice of ordering determines the parameterization of the group generated b y

the comp osition of exp onen tial maps. This is easily demonstrated with the previous

example:

e

�

2

L

2

e

�

1

L

1

s ( x; y ) = s ( e

�

1

x � �

2

; y ) ;

e

�

1

L

1

e

�

2

L

2

s ( x; y ) = s ( e

�

1

( x � �

2

) ; y ) :

With m ulti-parameter groups, if w e v ary a single parameter �

i

and k eep the others

�xed, w e get a one-parameter group of transformations f g

i

( �

i

) g that is a subgroup of

the original k -parameter group. Hence, b y v arying eac h of the k di�eren t parameters
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separately , w e can construct k di�eren t one-parameter subgroups. When t w o one-

parameter subgroups comm ute, exp onen tiating their resp ectiv e generators can b e

done in either order, i.e. e

�

i

L

i

e

�

j

L

j

= e

�

j

L

j

e

�

i

L

i

= e

�

i

L

i

+ �

j

L

j

: This is not true of

non-comm uting subgroups. The t w o-parameter group of the previous example is not

Ab elian. Hence, as demonstrated earlier, e

�

1

L

1

e

�

2

L

2

6= e

�

2

L

2

e

�

1

L

1

6= e

�

1

L

1

+ �

2

L

2

. On

the other hand, for the one-parameter transformation groups listed in T able 1, the

pairs, f g

t

x

; g

t

y

g ; f g

t

x

; g

s

y

g ; f g

t

y

; g

s

x

g ; f g

s

x

; g

s

y

g ; f g

r

; g

s

g , etc., are comm utativ e.

The in�nitesimal generators of m ulti-paramete r subgroups of the general linear

group GL ( n; R ) or GL ( n; C ) are general n � n matrices corresp onding to the partial

deriv ativ es of the group, ev aluated at the iden tit y . F or example, the t w o-parameter

subgroup of 2 � 2 matrices:

A ( �

1

; �

2

) =

0

@

e

�

1

�

2

0 1

1

A

ha v e the follo wing matrices as its in�nitesimal generators:

B

�

1

=

d

d�

1

A ( �

1

; �

2

)

�

�

�

�

�

� = 0

=

0

@

1 0

0 0

1

A

;

B

�

2

=

d

d�

2

A ( �

1

; �

2

)

�

�

�

�

�

� = 0

=

0

@

0 1

0 0

1

A

:

Linear com binations of the ab o v e in�nitesimal generators (w eigh ted b y �

1

; �

2

resp ec-

tiv ely) can b e exp onen tiated to yield a group of matrices. As discussed ab o v e, whether

the original matrix group is obtained dep ends on the c hoice of exp onen tiation metho d.

The particular metho d of exp onen tiating that deriv es the original matrix subgroup

A ( �

1

; �

2

) is:

e

�

2

B

�

2

e

�

1

B

�

1

=

0

@

1 �

2

0 1

1

A

0

@

e

�

1

0

0 1

1

A

= A ( �

1

; �

2

) :

2.2.2 V ector Fields

The elemen ts of the tangen t spaces of transformation groups can also b e view ed as

v ector �elds where the spatial partial deriv ativ es pro vide a lo cal co ordinate frame. F or
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00
0

Rotation

Figure 2: The v ector �eld represen ting the in�nitesimal generator of the one-

parameter group of rotations in the plane, the in�nitesimal generator b eing L

r

=

� y

@

@ x

+ x

@

@ y

.

0 20

X Translation

00

Y Translation

Figure 3: The v ector �elds asso ciated with the in�nitesimal generators of the t w o-

parameter group of translations in the plane, the in�nitesimal generators b eing L

t

x

=

@

@ x

and L

t

y

=

@

@ y

.
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0 20

X Translation

00

Y Translation

x
00

Composite

�

0

@

@ x

+ �

1

@

@ y

= �

0

@

@ x

+ �

1

@

@ y

Figure 4: The v ector �eld asso ciated with the elemen t ( �

0

@

@ x

+ �

1

@

@ y

) of the tangen t

space of the t w o-parameter group of translations in the plane. The v ector �eld is

sho wn as a linear com bination of the v ector �elds asso ciated with the in�nitesimal

generators.

example, the in�nitesimal generator of the one-parameter group of rotations in the

plane, L

r

= � y

@

@ x

+ x

@

@ y

, can b e regarded as a v ector �eld o v er x; y . Figure 2 plots the

v ector �eld suc h that the v ectors corresp ond to ( � y ; x ). Lik ewise, the in�nitesimal

generators of a m ulti-paramete r group eac h has its resp ectiv e v ector �eld. The v ector

�elds for the t w o-parameter group of translations in the plane is sho wn in Figure 3.

An y elemen t of the tangen t space can also b e represen ted b y a v ector �eld via linear

com binations of the v ector �elds asso ciated with the in�nitesimal generators that span

the tangen t space. This is depicted in Figure 4 for the group of x - and y -translations.

2.2.3 Lie Brac k et

The tangen t space is made in to an algebra b y the in tro duction of a m ultiplication

kno wn as the Lie br acket . The simplest w a y of de�ning the Lie brac k et is as the com-

m utator of pairs of elemen ts of the tangen t space. That is, the Lie brac k et denoted

b y [ l

a

; l

b

] where l

a

; l

b

2 G is de�ned as [ l

a

; l

b

] = l

a

l

b

� l

b

l

a

. This is not the most general

de�nition of the Lie brac k et but it su�ces for the cases of transformation groups

and matrix groups. In the case of transformation groups, l 2 G is a linear com bina-

tion of the in�nitesimal generators f L

1

; � � � ; L

k

g and is th us a di�eren tial op erator.

Comp osition of t w o op erators l

a

l

b

is de�ned to b e the comp osition of di�eren tial op-

erators. As for matrix groups, the elemen ts of the tangen t space corresp onds to a

linear com bination of the n � n matrices f B

1

; � � � ; B

n

g and comp osition is simply



CHAPTER 2. CONCEPTS AND MA THEMA TICAL PRELIMINARIES 31

matrix m ultipli cation.

Consider the group of x -translations and x -scalings whose in�nitesimal generators

are L

t

x

= �

@

@ x

and L

s

x

= � x

@

@ x

. The Lie brac k et of the t w o generators is

[ L

t

x

; L

s

x

] = L

t

x

L

s

x

� L

s

x

L

t

x

=

 

�

@

@ x

!  

� x

@

@ x

!

�

 

� x

@

@ x

!  

�

@

@ x

!

=

@

@ x

 

x

@

@ x

!

� x

@

@ x

 

@

@ x

!

=

 

x

@

2

@ x

2

+

@

@ x

!

�

 

x

@

2

@ x

2

!

=

@

@ x

= � L

t

x

:

Lik ewise, the generators of a matrix represen tation of the group are B

t

x

=

0

@

0 1

0 0

1

A

and B

s

x

=

0

@

1 0

0 0

1

A

. The Lie brac k et of these t w o matrix generators are

[ B

t

x

; B

s

x

] = B

t

x

B

s

x

� B

s

x

B

t

x

=

0

@

0 0

0 0

1

A

�

0

@

0 � 1

0 0

1

A

=

0

@

0 � 1

0 0

1

A

= � B

t

x

:

It can b e sho wn that the Lie brac k et b et w een an y t w o elemen ts from the tangen t

space is an elemen t also in the tangen t space. Therefore, the Lie brac k et is a bilinear

map from the tangen t space on to itself. F urthermore, it is easy to see that the

Lie brac k et is an ti-symme tric suc h that [ l

a

; l

b

] = � [ l

b

; l

a

] and the Lie brac k et of t w o

iden tical elemen ts is zero. Ho w ev er, the Lie brac k et is not asso ciativ e; i.e. [ l

a

; [ l

b

; l

c

]] 6=

[[ l

a

; l

b

] ; l

c

]. Instead, it satis�es a di�eren t prop ert y kno wn as the Jacobi iden tit y:

[ l

a

; [ l

b

; l

c

]] + [ l

b

; [ l

c

; l

a

]] + [ l

c

; [ l

a

; l

b

]] = 0.
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Since the Lie brac k et is bilinear, it can b e c haracterized b y its results o v er pairs

of the in�nitesimal generators that span the tangen t space. Consider, for example,

the tangen t space spanned b y t w o generators L

1

; L

2

. Let aL

1

+ bL

2

and cL

1

+ dL

2

b e

t w o elemen ts of the tangen t space. Th us, their Lie brac k et is [ aL

1

+ bL

2

; cL

1

+ dL

2

] =

ac [ L

1

; L

1

] + ad [ L

1

; L

2

] + bc [ L

2

; L

1

] + bd [ L

2

; L

2

] whic h simpli�es to ( ad � bc ) [ L

1

; L

2

]

b ecause [ L

1

; L

1

] = [ L

2

; L

2

] = 0 and [ L

2

; L

1

] = � [ L

1

; L

2

].

The Lie brac k et is useful in that prop erties of the Lie brac k et with resp ect to a

giv en Lie algebra can b e used to deduce prop erties of the generated group; con v ersely ,

prop erties of a Lie group induces prop erties in its Lie algebra. F or example, it can b e

sho wn that a m ulti-paramete r Lie group is Ab elian if and only if the Lie brac k et is zero

for an y pair of elemen ts from its tangen t space. Corresp ondingly , this implies that

[ L

i

; L

j

] = 0 for an y pair of in�nitesimal generators. As a result, one immedi ately sees

that all one-parameter groups are comm utativ e since [ L; L ] = 0. Another example is

the fact that a subgroup of a Lie group de�nes a sp eci�c subalgebra within the original

Lie algebra. A sub algebr a H is a subspace of the tangen t space of the Lie algebra G

that is in v arian t with resp ect to the Lie brac k et; this means that [ L

i

; L

j

] 2 H for

all L

i

; L

j

2 H � G . This is trivially true for all one-parameter subgroups since

[ L

i

; L

i

] = 0.

In the same w a y , homomorphisms b et w een Lie groups relate groups with similar

prop erties, homomorphisms b et w een Lie algebra relate the algebras with similar prop-

erties. A homomorphism � : G ! H is a linear map from the Lie algebra G to the

Lie algebra H suc h that the Lie brac k et is preserv ed; i.e., �([ l

1

; l

2

]) = [�( l

1

) ; �( l

2

)]

where l

1

; l

2

2 G . Note that the Lie brac k et on the left hand side of the equation is the

Lie brac k et de�ned on G while the Lie brac k et on the righ t hand side of the equation

refers to the Lie brac k et de�ned on H . An isomorphism b et w een t w o Lie algebras

is a homomorphism that is also bijectiv e. Since homomorphisms of Lie algebras are

linear mappings, this implies that isomorphisms only o ccur b et w een Lie algebras of

the same dimension. Homomorphic (isomorphic) Lie groups ha v e Lie algebras that

are homomorphic (isomorphic); con v ersely , homomorphic Lie algebras generate Lie

groups that are homomorphic. Therefore, Lie algebras that are isomorphic with eac h
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other are essen tially equiv alen t and generate groups that are equiv alen t, up to a repa-

rameterization. Homomorphism s b et w een Lie algebras are generally easier to study

since they are linear maps while homomorphisms b et w een Lie groups are t ypically

nonlinear.

2.3 Steerable F unctions

In this section, w e presen t the de�nition of steerabilit y that will b e used in the rest

of this w ork. W e discuss the natural extension of steerabilit y of a single function

to steerabilit y of an en tire function space, whic h w e describ e as b eing equiv arian t.

Finally , w e sho w ho w equiv arian t function spaces can b e com bined to construct larger

function spaces that are also equiv arian t.

2.3.1 De�nition

The original de�nition of steerabilit y w as prop osed b y F reeman and Adelson [F A91 ] for

the sp ecial case of rotation. Simoncelli et al. [SF AH92 ] extended this de�nition to in-

clude translation and scaling, and coined the term \join t-shiftabilit y ." P erona [P er95 ]

used the term \deformable" to refer to functions steerable under arbitrary compact

transformations, not necessarily ha ving the group prop erties. W e retain the term

steerabilit y in our de�nition but generalize its de�nition to encompass an y transfor-

mation group.

De�nition 1 (Steerabilit y) : A function f ( x; y ) : R

2

7! C is steerable under a

k -p ar ameter Lie tr ansformation gr oup G if any tr ansformation g ( � ) 2 G of f c an b e

written as a line ar c ombination of a �xe d, �nite set of basis functions f �

i

( x; y ) g :

g ( � ) f ( x; y ) =

n

X

i =1

�

i

( � ) �

i

( x; y ) = �

T

( � )�( x; y )

The v ector � parameterizes the family of transformations in the group G . V ector

� is a v ector of the functions �

i

suc h that � = ( �

1

; : : : ; �

n

). Lik ewise, v ector �

con tains the functions �

i

suc h that � = ( �

1

; : : : ; �

n

). The functions �

i

are kno wn as
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the ste ering functions of f asso ciated with the basis f �

i

g and dep end solely on the

transform parameters. Without loss of generalit y , w e assume that n is the minim um

n um b er of basis functions required and these basis functions are linearly indep enden t.

Clearly , the set of basis functions required to steer a giv en function is not unique;

an y (non-singular) linear transformation of the set of basis functions could also b e

used. F or example, the �rst x -deriv ativ e of a 2D Gaussian G

0

x

is steerable under the

one-parameter group of rotations with the basis set f G

0

x

; G

0

y

g suc h that g ( � ) G

0

x

=

cos( � ) G

0

x

+ sin( � ) G

0

y

. Rotation is represen ted b y the op erator g ( � ) where � is the

angle of rotation. The functions cos( � ) ; sin( � ) are the steering functions while the

functions G

0

x

; G

0

y

are the basis functions.

If a function f is steerable with a set of basis functions �, then eac h of the basis

functions �

i

are themselv es steerable with the same basis functions. This is true since

eac h basis function can b e rewritten as a linear com bination of transformed replicas

of f (c hosen to b e linearly indep enden t):

� =

2

6

6

6

4

�

T

( �

1

)

.

.

.

�

T

( �

k

)

3

7

7

7

5

� 1

0

B

B

B

@

g ( �

1

) f

.

.

.

g ( �

k

) f

1

C

C

C

A

:

Th us, transforming a basis function is equiv alen t to linearly com bining the set of

transformed replicas of f , whic h are themselv e s steerable.

Since steerabilit y of the giv en function f implies steerabilit y of its basis functions

�

i

as w ell, it is more natural to express steerabilit y in terms of a function space, i.e.

in terms of the space spanned b y the basis functions f �

i

g .

De�nition 2 (Equiv arian t F unction Space) :

A n n -dimensional function sp ac e F = sp an f �

1

; : : : ; �

n

g is equiv arian t under a k -

p ar ameter Lie tr ansformation gr oup G if every �

i

is ste er able with r esp e ct to the b asis

f �

1

; : : : ; �

n

g , i.e., ther e is an n � n matrix function A ( � ) , c al le d the in terp olation

matrix , such that:

g ( � )�( x; y ) = A ( � )�( x; y ) for al l g ( � ) 2 G

This e quation is c al le d the in terp olation equation .
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F ollo wing the previous example of the �rst x -deriv ativ e of a 2D Gaussian, the t w o-

dimensional function space spanned b y � =

�

G

0

x

; G

0

y

�

T

is equiv arian t with the in ter-

p olation matrix A ( � ) =

0

@

cos ( � ) sin( � )

� sin( � ) cos( � )

1

A

.

The term \equiv ariance" w as originally prop osed b y Wilson and Kn utsson [WK88].

F rom the de�nition, it follo ws that an equiv arian t function space is a function space

that is in v arian t under the asso ciated transformation group. More generally , an y

function f 2 F , suc h that f =

P

c

i

�

i

= c

T

� is steerable b y steering the basis of F :

g ( � ) f = g ( � ) c

T

� = c

T

A ( � )� :

As a result, an y function f is steerable under a k -parameter transformation group

if and only if it b elongs to some function space that is equiv arian t under the same

transformation group.

F or example, consider the function space F

�

= span f cos � ; sin � g under the one-

parameter group of rotations: g

r

( � ) f ( � ) = f ( � � � ). It is easy to v erify the follo wing

t w o iden tities:

cos( � � � ) = cos � cos � + sin � sin � ;

sin( � � � ) = � sin � cos � + cos � sin � :

Th us, rotated v ersions of an y basis function in F

�

can alw a ys b e expressed as linear

com binations of the basis functions. Hence, an y f 2 F

�

is steerable under the rotation

group.

The in terp olation matrix is an n � n matrix whose en tries are functions of the

group parameters � . In fact, the set of all matrices f A ( � ) g is a subgroup of GL ( n; R ).

This is b ecause A ( �

12

) = A ( �

1

) A ( �

2

) where A ( �

12

) ; A ( �

1

) ; A ( �

2

) are the in terp o-

lation matrices corresp onding to the transformation g ( �

12

) ; g ( �

1

) ; g ( �

2

) resp ectiv ely ,

and g ( �

12

) = g ( �

1

) g ( �

2

). Th us, the subgroup of matrices f A ( � ) g is a homomorphism

of the group of transformations denoted b y f g ( � ) g . This is exploited in the next

c hapter where the in�nitesimal generator of the transformation group is related to

the in�nitesimal generator of the in terp olation matrix group.
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2.3.2 Construction of Equiv ari an t F unction Spaces

Equiv arian t function spaces under the same transformation group can b e com bined

to construct larger functions spaces that are also equiv arian t under the same trans-

formation group. One approac h computes the new equiv arian t function space as

the dir e ct sum of t w o equiv arian t function spaces. If �

1

and �

2

con tain the ba-

sis functions of t w o distinct equiv arian t function spaces, then the function space

spanned b y all the basis functions together is also equiv arian t. F or example, if

�

1

= (sin( x ) ; cos( x ))

T

and �

2

= (sin(2 x ) ; cos(2 x ))

T

, then the space spanned b y

�

1

� �

2

= (sin( x ) ; cos ( x ) ; sin(2 x ) ; cos(2 x )) is also equiv arian t. Since the v ector sum

of t w o equiv arian t function spaces is equiv arian t, this implies that the sum of t w o

steerable functions is also steerable.

A second approac h computes the new equiv arian t function space as the tensor

pr o duct of t w o equiv arian t function spaces. The transformation group is applied to

the tensor pro duct space b y applying the transformation to eac h comp onen t of the

tensor sim ultaneously . The basis functions of the tensor pro duct space are equiv arian t.

The m ulti-linear tensor pro duct space can b e con v erted in to a linear space using

the set of basis functions formed b y taking the Kronec k er pro duct of the original

basis functions from the t w o equiv arian t function spaces spaces (i.e. the pairwise

pro ducts of functions from �

1

and �

2

). This linearized space is also equiv arian t.

Using the same example as ab o v e, the linearized tensor pro duct space spanned b y

�

1


 �

2

= (sin( x ) sin(2 x ) ; sin ( x ) cos (2 x ) ; cos( x ) sin(2 x ) ; cos( x ) cos(2 x )) is equiv arian t.

Since the tensor pro duct of t w o equiv arian t function spaces is equiv arian t, this implies

that the pro duct of t w o steerable functions is also steerable.

Using these t w o approac hes, an y p olynomial of equiv arian t function spaces (or of

a single equiv arian t function space) is equiv arian t where addition and m ultiplication

is v ector sum and tensor pro duct resp ectiv ely . Similarly , an y p olynomial of steerable

functions is also steerable.



Chapter 3

Canonical Decomp ositi on

Designing basis functions that can steer an arbitrary function under a giv en trans-

formation group is the main problem concerning steerable functions. Once the basis

functions are c hosen, its steering functions can b e computed n umericall y or ev en an-

alytically as will b e eviden t later in this c hapter. F rom the last c hapter, is is clear

that the problem of designing suitable basis functions is equiv alen t to iden tifying an

appropriate equiv arian t function space, namely , the lo w est-dimensional one that con-

tains the orbit (i.e. all transformed replicas) of the steered function. F or example,

when steering the �rst deriv ativ e of a Gaussian under rotation, the lo w est-dimensional

equiv arian t function space is the t w o-dimensional space spanned b y the �rst deriv a-

tiv es of the Gaussian in t w o linearly indep enden t directions. Note that this minim al

equiv arian t function space ma y not b e �nite dimensional for an arbitrary function;

the de�nition of a steerable function de�nes precisely those functions that ha v e �nite-

dimensional equiv arian t function spaces as b eing steerable.

In this c hapter, a general mathematical recip e for constructing equiv arian t func-

tion spaces under an y Lie transformation group is presen ted. The metho d in v olv es

solving a system of linear, �rst order partial di�eren tial equations, the partial deriv a-

tiv es b eing tak en o v er the spatial v ariables. In the case of one-parameter transforma-

tion groups or m ulti-parame ter Ab elian transformation groups, w e describ e a canon-

ical decomp osition of all equiv arian t function spaces. This decomp osition pro vides a

37
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Closure under
Group Transformation

g(t ) F  = A(t ) F

Closure under
Group Generators

L  F  = B  Fii

Figure 5: Closure of the equiv arian t function space with resp ect to the group transfor-

mation is equiv alen t to closure of the function space with resp ect to the in�nitesimal

generators of the group.

canonical functional form for all equiv arian t function spaces under these transforma-

tion groups. F or the general case of non-Ab elian transformation groups, a catalog of

equiv arian t function spaces for sev eral common subgroups of the a�ne transformation

group is pro vided.

The material presen ted in this c hapter can b e found in [HOT98]; an early v ersion

of it is describ ed in [HOT96].

3.1 Construction of Equiv arian t F unction Spaces

Equiv arian t function spaces are de�ned as function spaces that are closed under some

transformation group. Since a co ordinate transformation of an arbitrary function

is a nonlinear op eration, the closure condition is nonlinear. F ortunately , b ecause

w e are dealing with Lie transformation groups, the closure of a function space under

elemen ts of the transformation group g ( � ) can b e reform ulated, more simply , in terms

of the group generators f L

1

; : : : ; L

k

g . Sp eci�cally , closure of a function space under a

transformation group is equiv alen t to closure of the function space under the action

of the in�nitesimal generators of the group. This relationship is depicted in Figure 5.

This approac h is an extension of the seminal w ork of S. Amari [Ama68 , Ama78 ]

who originally prop osed it in the con text of in v arian t feature detection in pattern

recognition.
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Theorem 1 (In terp olation Equation) :

The function sp ac e F = sp an f �

1

; � � � ; �

n

g is e quivariant under the tr ansformation

gr oup G if and only if F is close d under the action of e ach gener ator L

i

of G . That

is, g ( � )� = A ( � )� if and only if ther e is a set of n � n matric es f B

1

; : : : ; B

k

g such

that:

L

i

� = B

i

� for al l i = 1 ; : : : ; k

In p articular, the interp olation matrix c an b e written as fol lows:

A ( � ) = e

�

k

B

k

� � � e

�

1

B

1

:

The matric es B

i

ar e the in�nitesimal gener ator of the matrix gr oup A ( � ) .

Pro of 1 : Let

^

�( x; y ) = g ( � )�( x; y ), the transformed v ector of basis functions. Since

g ( � ) is a Lie group, it follo ws from the exp onen tial map in Equation 4 that

^

�( � ) = e

�

1

L

1

� � � e

�

k

L

k

�

= ( I + �

1

L

1

+ � � � ) � � � ( I + �

k

L

k

+ � � � ) �

= ( I + �

1

L

1

+ � � � ) � � � ( I + �

k

B

k

+ � � � ) �

= ( I + �

1

L

1

+ � � � ) � � � ( I + �

k � 1

L

k � 1

+ � � � ) e

�

k

B

k

�

= ( I + �

1

L

1

+ � � � ) � � � e

�

k

B

k

( I + �

k � 1

L

k � 1

+ � � � ) �

= ( I + �

1

L

1

+ � � � ) � � � e

�

k

B

k

e

�

k � 1

B

k � 1

�

.

.

.

= e

�

k

B

k

� � � e

�

1

B

1

� ;

in whic h the substitution ( L

i

)

m

� = ( B

i

)

m

� is used rep eatedly . It can easily b e

v eri�ed that L

i

� = B

i

� implies ( L

i

)

m

� = ( B

i

)

m

� via the linearit y of the di�eren tial

op erator L

i

. The order in whic h the generators L

i

are applied is arbitrary . Ho w ev er,

as p oin ted out in Section 2.2.1, the order will determine the parameterization of the

generated group. Con v ersely , if

^

� = e

�

k

B

k

� � � e

�

1

B

1

� ; taking deriv ativ es with

resp ect to �

i

(ab out � = 0 ) on b oth sides of the equation yields the system of

equations L

i

� = B

i

�. 2

Theorem 1 pro vides a recip e for v erifying whether a space spanned b y a set of

functions f �

i

g is equiv arian t, and if it is, deriv es the in terp olation matrix A ( � ).
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1. Deriv e the generators L

1

; : : : ; L

k

of the giv en transformation group

g ( � ).

2. V erify for eac h generator L

i

that

L

i

� = B

i

�

where B

i

is some n � n matrix.

3. If so, the function space F = span f �

1

; � � � ; �

k

g is equiv arian t and

the in terp olation equation is simply

g ( � )� = A ( � ) �

where the in terp olation matrix is

A ( � ) = e

�

k

B

k

� � � e

�

1

B

1

:

Figure 6: Recip e for v erifying that the function space of span (�) is equiv arian t. If

so, the in terp olation matrix A ( � ) is also deriv ed.

Figure 6 summarizes the pro cedure. Unfortunately , the construction of all p ossible n -

dimensional equiv arian t function spaces is not as metho dical in general, and has to b e

done b y insp ection. F or one-parameter and m ulti-parame ter Ab elian transformation

groups, ho w ev er, the construction is straigh tforw ard and will b e treated extensiv ely

in the next section.

3.2 F unction Spaces for One-P arameter Groups

In this section, w e attend to the construction of all p ossible equiv arian t function

spaces with resp ect to an y one-parameter transformation group. First, w e pro vide

examples of sev eral suc h equiv arian t function spaces. After that, w e sho w that an y

one-parameter group can b e re-parameterized to app ear as a group of translations in

the new parameterization. Finally , w e prop ose a canonical decomp osition of all the
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function spaces equiv arian t under the translation group (and corresp ondingly under

an y one-parameter group that has b een appropriately re-parameterized).

3.2.1 The T ranslation Group

Consider the group of one-dimensional translations in the x -direction:

^

f ( ^ x ; ^y ) =

g

t

x

( � ) f ( x; y ) = f ( x + � ; y ) whose generator L

t

x

=

@

@ x

. An n -dimensional function

space � is equiv arian t with resp ect to g

t

x

( � ) if L

t

x

� =

@

@ x

� = B � for a giv en n � n

matrix B . The general solution to this ordinary di�eren tial equation is

�( x; y ) = e

B x

�(0) (5)

where �(0) is the v alue of � at x = 0. Actually , the pro duct of �( x; y ) with an y

function solely in y lea v es it equiv arian t; th us, without loss of generalit y , w e refer to

�( x; y ) only as �( x ). Since �(0) can b e arbitrary c hosen, an y elemen t in the column

space of e

B x

is a p ossible solution. W e will denote this b y �( x ) 2 R ( e

B x

) where R

refers to the column space of the matrix e

B x

. Regardless of the c hoice of �(0), the

in terp olation equation is the same, i.e.

^

� = e

B �

�.

In the follo wing examples, w e presen t di�eren t c hoices for the matrix B and deriv e

the corresp onding equiv arian t function spaces. W e sho w that sev eral commonly used

steerable functions are the result of particular c hoices of the matrix B .

Example 1 : Consider the simplest case where B is a 1 � 1 matrix, i.e. B = [ � ]

where � is a scalar v alue (whic h ma y b e complex). F rom Equation 5, the space of

equiv arian t functions is: �( x ) = ae

�x

; where a is some scalar v alue (the v alue at �(0)),

while the in terp olation equation is

^

� = e

� �

� : Pro ving equiv ariance is straigh tforw ard

since

^

� = ae

� ( x + � )

= e

��

ae

�x

= e

��

� : When � is purely imaginary , the functions are

complex exp onen tials. In phase-based motion estimation, the parameter � is regarded

as the di�erence in phase. Fleet and Jepson [FJ91] prop osed an accurate metho d of

measuring disparit y b y estimating the di�erence in phase b et w een t w o (windo w ed)

complex exp onen tials.
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Example 2 : No w, let

B =

0

@

�

1

0

0 �

2

1

A

:

In this case, the solution to Equation 5 implies that

�( x ) 2 R ( e

B x

) = R

2

4

0

@

e

�

1

x

0

0 e

�

2

x

1

A

3

5

and the in terp olation equation is

^

� = e

� B

� =

0

@

e

�

1

�

0

0 e

�

2

�

1

A

� :

Simoncelli et al. [SF AH92 ] prop osed a criterion for shiftabilit y in p osition that decom-

p oses the �lter in to a set of complex exp onen tials (using F ourier decomp osition). In

this example, it w ould corresp ond to ha ving B b eing a diagonal matrix with distinct

and purely imaginary � 's.

Example 3 : Let

B =

0

B

B

B

@

0 1 0

0 0 1

0 0 0

1

C

C

C

A

In this case, the equiv arian t functions and the in terp olation equation are

�( x ) 2 R ( e

B x

) = R

2

6

6

6

4

0

B

B

B

@

1 x

1

2!

x

2

0 1 x

0 0 1

1

C

C

C

A

3

7

7

7

5

and

^

� = e

� B

� =

0

B

B

B

@

1 �

1

2!

�

2

0 1 �

0 0 1

1

C

C

C

A

�

This example pro duces the k ernels of momen t �lters whic h are used in man y appli-

cations in v olving in v arian t feature detection [Hu62] and motion estimation [XS95b].

3.2.2 The Rotation Group

Another commonly encoun tered one-parameter transformation group is the group of

rotations in the plane:

g

r

( � ) f ( x; y ) = f ( x cos � + y sin � ; � x sin � + y cos � )
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where � represen ts the amoun t of rotation. The generator of the rotation group

is: L

r

= y

@

@ x

� x

@

@ y

. It is easy to see that if w e represen t the function f ( x; y ) in

p olar co ordinates ( r ; � ), then rotation b ecomes similar to translation: g

r

( � ) f ( r ; � ) =

f ( r ; � + � ). In these co ordinates, the generator is L

r

=

@

@ �

. Therefore, as b efore,

an n -dimensional v ector of functions �( r ; � ) is equiv arian t with resp ect to g

r

( � ) if it

satis�es the equation

L

r

�

:

=

@ �

@ �

= B �

where B is an n � n matrix. The general solution to the ab o v e equation is simply

�( � ) = e

B �

�(0)

where �(0) is the v alue of �( � ) at � = 0. Since �(0) is arbitrarily c hosen, �( � ) 2

R ( e

B �

).

Example 4 : In this example, w e sho w that a v ector of functions is equiv arian t with

resp ect to rotation and deriv e its in terp olation matrix. Let �( x; y ) b e a 2D-v ector

con taining the spatial deriv ativ es of a Gaussian G = exp ( � ( x

2

+ y

2

) = 2) = exp ( � r

2

= 2)

in the x - and y - directions:

�( x; y ) =

0

@

@

@ x

@

@ y

1

A

G =

0

@

� x

� y

1

A

G =

0

@

� r cos �

� r sin �

1

A

G:

Applying the generator L

r

=

@

@ �

to �, w e obtain

L

r

� =

0

@

r sin �

� r cos �

1

A

G =

0

@

0 � 1

1 0

1

A

� = B � :

Th us, the elemen ts of �( x; y ) span an equiv arian t function space whose in terp olation

function is

^

� = e

� B

� =

0

@

cos � � sin �

sin � cos �

1

A

� :

This is an example of the steerable �lters suggested in F reeman and Adelson [F A91 ].
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3.2.3 Canonical Co ordinates of One-P arameter T ransforma-

tion Groups

The construction of equiv arian t function spaces dep ends on the existence of a solution

to the system of partial di�eren tial equations L � = B �. It w as sho wn that for

translations and planar rotations, solutions exist for an y giv en matrix B . In this

section, w e sho w that solutions exist for any one-parameter transformation group.

The simplest w a y to sho w this is via a re-parameterization of the curren t co ordinates

in to some canonical co ordinates where solutions are kno wn to exist. F or an y one-

parameter transformation group g ( � ), there exists a c hange of co ordinates suc h that

the group resem bles a translation in the new parameterization [Coh11 ]. Hence, giv en

a function f ( x; y ), one can determine a c hange of co ordinates f ( � ( x; y ) ; � ( x; y )) suc h

that

g ( � ) f ( � ; � ) = f ( � + � ; � ) :

Segman et al. [SRZ92] used this re-parameterization to construct in v arian t k ernels for

pattern recognition. F erraro and Caelli [F C94] used this metho d in a similar con text

and suggested its relev ance to biological vision.

Since the group op eration is the same as one-dimensional translation, the equiv ari-

an t condition with resp ect to the canonical co ordinates is also the same:

L

� ;�

�( � ; � ) =

@

@ �

�( � ; � ) = B �( � ; � ) :

Therefore, its equiv arian t function spaces also resem ble the equiv arian t function

spaces for translation (up to a c hange of co ordinates).

Example 5 : In Section 3.2.2, p olar co ordinates w ere used for the group of rotations

in the plane. It is easy to sho w that p olar co ordinates are the canonical co ordinates

for this group. Recall the c hange of co ordinates from Cartesian to p olar:

� = arctan( y =x ) = � ; � =

q

x

2

+ y

2

= r :

Rotating a function f ( x; y ) in Cartesian co ordinates is the same as translating the

function in p olar co ordinates: g

r

( � ) f ( � ; � ) = f ( � + � ; � ) where � 2 [0 ; 2 � ).
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Example 6 : Consider next the one-parameter group of scaling in the x direction,

i.e. g

s

x

( � ) f ( x; y ) = f ( e

�

x; y ) where e

�

ensures that the scaling constan t is alw a ys

p ositiv e. The canonical co ordinates of this transformation group are obtained b y the

co ordinate c hanges:

� = ln( x ) and � = y :

In this case,

g

s

x

( � ) f ( � ; � ) = f (ln( e

�

x ) ; � ) = f (ln( x ) + ln( e

�

) ; � ) = f ( � + � ; � )

whic h is a translation in the new co ordinate system. Supp ose no w that

B =

0

B

B

B

@

0 1 0

0 0 1

0 0 0

1

C

C

C

A

where e

B �

=

0

B

B

B

@

1 �

1

2!

�

2

0 1 �

0 0 1

1

C

C

C

A

:

Th us, the equiv arian t function space is spanned b y the functions in �( � ) 2 R ( e

B �

),

lik e in Example 3 of Section 3.2.1. In this case, ho w ev er, the function space is in

� co ordinates. After a c hange of co ordinates, the function space in x co ordinates is

spanned b y the functions in

�( x ) 2 R

2

6

6

6

4

0

B

B

B

@

1 ln x

1

2!

(ln x )

2

0 1 ln x

0 0 1

1

C

C

C

A

3

7

7

7

5

:

3.2.4 Canonical Decomp osition of One-P arameter Equiv ari -

an t Spaces

F or an y one-parameter transformation group, the n -v ector of equiv arian t functions �

dep ends on the apriori c hoice of the n � n matrix B . Ho w ev er, the same function

space, span (�)

:

= span f �

1

; � � � ; �

n

g , ma y b e generated b y di�eren t matrices B . The

follo wing theorem pro vides an equiv alence condition among the v arious matrices B

that generate the same equiv arian t function space.

Theorem 2 : L et � ; 	 b e two n -ve ctors of e quivariant functions (with r esp e ct to the

same k -p ar ameter tr ansformation gr oup) and B

i

; B

0

i

ar e such that L

i

� = B

i

� and
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g(t ) F  = A(t ) F

L  F  = B  Fii

g(t ) Y  = A'( t ) Y

L  Y  = B'  Yii

span( F ) = span( Y)

B  =  P B' Pi i
-1

B , B'  Similari i

Figure 7: Tw o equiv arian t function spaces span the same function space if and only

if their corresp onding B

i

matrices are similar.

L

i

	 = B

i

0

	 wher e L

i

and B

i

; B

0

i

ar e the in�nitesimal gener ators of the tr ansfor-

mation and interp olation matrix gr oups A ( � ) ; A

0

( � ) r esp e ctively, then

� = P 	 i� B

i

= P B

0

i

P

� 1

for al l 1 � i � k and some non-singular n � n matrix P .

Pro of 2 : If � = P 	, then substituting in to L

i

�, w e get

L

i

� = L

i

( P 	) = P B

0

i

	 = ( P B

0

i

P

� 1

) P 	

and since P 	 = �, it follo ws that P B

0

i

P

� 1

= B

i

. Con v ersely , if B

i

= P B

0

i

P

� 1

,

then

B

0

i

( P

� 1

�) = P

� 1

B

i

� = L

i

( P

� 1

�);

th us, L

i

�

0

= B

i

0

�

0

where �

0

= P

� 1

�. Since 	 is uniquely determined b y the set

B

i

0

(giv en 	( 0 )), 	 = �

0

= P

� 1

�. 2 .

Th us, t w o equiv arian t function spaces under the same k -parameter transformation

group span the same function space if and only if the in�nitesimal generators B

i

; B

0

i

of

their resp ectiv e in terp olation matrix groups are sim ulataneously similar for 1 � i � k .

This relationship is depicted in Figure 7. In particular, t w o v ectors of functions, �

and 	, whic h are equiv arian t with resp ect to the same one-parameter transformation



CHAPTER 3. CANONICAL DECOMPOSITION 47

group, span the same function space if and only if all their corresp onding matrices

B ; B

0

are similar . Hence, it su�ces to examine all matrices B that are unique up

to a similarit y transformation. The Jor dan de c omp osition is useful to this end since

an y t w o matrices that are similar share the same Jordan form [Str88].

With the Jordan decomp osition, an y n � n matrix B can b e rewritten as P J P

� 1

suc h that P is a non-singular n � n matrix and J is a blo c k-diagonal matrix of the

form

2

6

6

6

4

J

1

.

.

.

J

k

3

7

7

7

5

:

Eac h blo c k J

i

is a upp er bidiagonal matrix with a single eigen v alue �

i

and one eigen-

v ector:

J

i

=

2

6

6

6

6

6

6

4

�

i

1

: :

: 1

�

i

3

7

7

7

7

7

7

5

:

The matrix J is called the Jordan form of B and J

i

are its Jordan blo c ks. A

sp ecial case of the Jordan decomp osition o ccurs when the matrix B is normal, i.e.

B B

H

= B

H

B where B

H

is the complex conjugate of the transp ose of B . In this

case, the Jordan decomp osition yields a diagonal matrix J ; hence, eac h J

i

is simply

a 1 � 1 matrix con taining the eigen v alue �

i

.

Let �

B

; �

J

b e v ectors of equiv arian t functions with resp ect to the translation

group ha ving corresp onding matrices B ; J suc h that J is the Jordan form of B , i.e.

B = P J P

� 1

. F rom Theorem 2, then �

B

= P �

J

. In other w ords, the function

spaces spanned b y �

B

and �

J

are iden tical. F urthermore,

�

J

( x ) 2 R ( e

J x

) = R

2

6

6

6

4

e

J

1

x

.

.

.

e

J

k

x

3

7

7

7

5

:

Since e

J x

is blo c k diagonal, the function space spanned b y �

J

can b e decoupled in to

a direct sum of function spaces spanned b y eac h Jordan blo c k:

�

J

( x ) 2 R ( e

J x

) = R ( e

J

1

x

) � R ( e

J

2

x

) � � � � � R ( e

J

s

x

) :
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Moreo v er, eac h R ( e

J

i

x

) is a solution to L

t

x

� = J

i

� and th us b y itself equiv arian t

under translation. Finally , from the iden tit y [Str88],

e

J

i

x

=

2

6

6

6

6

6

6

4

e

�

i

x

xe

�

i

x
1

2!

x

2

e

�

i

x

:

e

�

i

x

xe

�

i

x

:

: :

e

�

i

x

3

7

7

7

7

7

7

5

;

it follo ws that an y equiv arian t function space spanned b y �

J

( x ) can b e represen ted

b y a direct sum of the equiv arian t function basis �

J

i

of the form:

�

J

i

= ( e

�

i

x

; e

�

i

x

x; e

�

i

x

x

2

; � � � ; e

�

i

x

x

n

i

� 1

)

T

where n

i

is the dimension of the Jordan blo c k J

i

and �

i

is its eigen v alue. Note that

if the matrix B is real, its eigen v alues app ear in conjugate pairs; i.e., if one of the

eigen v alues � is complex, its conjugate

�

� is also an eigen v alue of B . In this case, the

equiv arian t spaces will app ear in pairs:

�

J

i

� �

�

J

i

= ( e

�

i

x

; � � � ; e

�

i

x

x

n

i

� 1

)

T

� ( e

�

�

i

x

; � � � ; e

�

�

i

x

x

n

i

� 1

)

T

:

When � is zero, the equiv arian t space is spanned b y the �rst n

i

monomials (momen ts).

Alternativ ely , when n

i

is one and � is purely imaginary , the space is spanned b y the

complex exp onen tials, whic h are also the F ourier basis functions. Since an y one-

parameter transformation group can b e put in to its canonical co ordinates (where the

group op eration b ecomes a translation in these new co ordinates), the decomp osition of

equiv arian t function spaces for translation applies directly to all other one-parameter

transformation groups as w ell (after re-parameterization). T able 2 is a summary of

sev eral common one-parameter groups and their equiv arian t function spaces.

Example 7 : The follo wing functions span an equiv arian t function space under the

group of translations g

t

x

( � ):

� =

0

@

cos ( k x )

sin( k x )

1

A
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since

L

t

x

� = B � where B =

0

@

0 � k

k 0

1

A

:

The in terp olation equation asso ciated with � is:

^

� = e

B �

� where e

B �

=

0

@

cos( k � ) � sin( k � )

sin( k � ) cos ( k � )

1

A

A di�eren t w a y to represen t span (�) is b y using functions generated b y the Jordan

form of B :

J = P B P

� 1

=

0

@

ik 0

0 � ik

1

A

where P =

0

@

1 i

1 � i

1

A

By Theorem 2, it can v eri�ed that

�

J

= P �

B

=

0

@

e

ik x

e

� ik x

1

A

:

where �

J

are t w o of the F ourier basis functions. The new in terp olation equation in

this case is:

^

� = e

J �

� =

0

@

e

ik �

0

0 e

� ik �

1

A

� :

Example 8 : The follo wing functions span an equiv arian t function space under

g

t

x

( � ):

� =

�

sin

3

x; cos

3

x; 3 cos

2

x sin x; 3 sin

2

x cos x

�

T

since

L

t

x

� = B � where B =

0

B

B

B

B

B

B

@

0 0 0 1

0 0 � 1 0

0 3 0 � 2

� 3 0 2 0

1

C

C

C

C

C

C

A
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T ransformation Group Equiv arian t

F unction Space

g

t

x

( � ) f ( x; y ) = f ( x � � ; y ) f h ( y ) x

p

e

�x

g

g

s

x

( � ) f ( x; y ) = f ( e

� �

x; y ) f h ( y ) x

�

(ln x )

p

g

g

p

x

( � ) f ( x; y ) = f ( x= (1 + � x ) ; y ) f h ( y ) x

� p

e

�=x

g

g

t

y

( � ) f ( x; y ) = f ( x; y � � ) f h ( x ) y

p

e

�y

g

g

s

y

( � ) f ( x; y ) = f ( x; e

� �

y ) f h ( x ) y

�

(ln y )

p

g

g

p

y

( � ) f ( x; y ) = f ( x; y = (1 + � y )) f h ( x ) y

� p

e

�=y

g

g

r

( � ) f ( x; y ) = f ( x cos � � y sin � ; x sin � + y cos � ) f h ( r ) e

ik �

g

g

s

( � ) f ( x; y ) = f ( e

� �

x; e

� �

y ) f h ( � ) r

�

(ln r )

p

g

T able 2: Sev eral examples of one-parameter transformation groups and their equiv ari-

an t function spaces. The parameter k is an y in teger while the parameter � is an y

complex n um b er. The function h is an y arbitrary function. The v ariables r ; � refer

to p olar co ordinates. The set notation describ es a set of functions indexed b y p for

0 � p � k .

A di�eren t w a y to represen t span (�) is with the basis functions determined b y

the Jordan form of B :

J = P B P

� 1

=

0

B

B

B

B

B

B

@

i

� i

3 i

� 3 i

1

C

C

C

C

C

C

A

where P =

0

B

B

B

B

B

B

@

1 � i

1

3

�

1

3

i

1 i

1

3

1

3

i

1 � i � 1 i

1 i � 1 � i

1

C

C

C

C

C

C

A

:

and hence span (�

J

) is determined b y

span ( R ( e

J x

)) = span

�

e

ix

; e

� ix

; e

3 ix

; e

� 3 ix

�

T

:

The in terp olation equation in this case is:

g

t

x

( � )�

J

= e

J �

�

J

=

0

B

B

B

B

B

B

@

e

i�

e

� i�

e

3 i�

e

� 3 i�

1

C

C

C

C

C

C

A

�

J

:
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3.3 F unction Spaces for Multi-P arameter Groups

With one-parameter transformation groups (in their canonical co ordinates), v arious

equiv arian t function spaces can b e constructed b y c ho osing di�eren t B matrices;

solutions to the system of partial di�eren tial equations L � = B � exist for arbitrary

c hoices of B . Unfortunately , there is no systematic w a y to construct general n -

dimensional equiv arian t spaces for m ulti-parameter groups. Unlik e one-parameter

groups, arbitrary c hoices of B

i

for m ulti-parame ter groups will often not yield solv able

systems of di�eren tial equations. F or Ab elian m ulti-parameter groups, i.e. groups

made up of one-parameter subgroups that comm ute, ho w ev er, a categorization of the

equiv arian t spaces similar to that for one-parameter groups can b e carried out. In the

follo wing, the categorization of equiv arian t spaces for Ab elian m ulti-parameter groups

is presen ted. After that, a tec hnique for handling non-Ab elian m ulti-parameter groups

is suggested.

Ab elian Multi-P arameter Groups When the m ulti-parameter transformation

group is Ab elian, there exists a re-parameterization of the group so that the group

action is equiv alen t to indep enden t translations in the new parameterization [Coh11 ,

SRZ92 , F C94 ]. F ormally , for an y t w o-parameter Ab elian group, there exists a re-

parameterization of the function f ( � ( x; y ) ; � ( x; y )) so that

g ( �

1

; �

2

) f ( � ; � ) = f ( � + �

1

; � + �

2

) :

Segman et al. in [SRZ92] describ e a constructiv e w a y of determining this canoni-

cal re-parameterization. In the new parameterization, the equiv arian t space for the

t w o-parameter group is simply the pro duct of the equiv arian t spaces for eac h one-

parameter translation group:

span (�( � ; � )) = span ( �

p

e

��

) 
 span( �

q

e

� �

)

for 0 � p � m and 0 � q � l . Note that m ulti-parameter groups acting on a t w o-

dimensional image with more than t w o parameters are necessarily not Ab elian as

there are only t w o indep enden t translations in an image.
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Example 9 : Consider the group of rotation and uniform scaling made up of the

t w o one-parameter subgroups g

r

( �

1

) and g

s

( �

2

) from T able 2. The generators for

these groups are L

r

= � x

@

@ y

+ y

@

@ x

and L

s

= x

@

@ x

+ y

@

@ y

resp ectiv ely . Recall that

t w o one-parameter groups are Ab elian if their generators comm ute; i.e., [ L

r

; L

s

] =

L

r

L

s

� L

s

L

r

= 0 : It is easy to v erify that this equalit y holds in our case. The

re-parameterization that mak es g

r

( �

1

) and g

s

( �

2

) act as translations on the image is:

� ( x; y ) = arctan( y =x ) = �

� ( x; y ) = ln (

p

x

2

+ y

2

) = ln( r )

Th us, the equiv arian t spaces for rotation and scaling are:

span ( r

�

(ln r )

p

) 
 span ( e

iq �

) for 0 � p � m and q 2 Z :

The sligh t di�erences b et w een the equiv arian t function spaces for rotation and scaling

is due to the top ology of the t w o transformation groups: rotation is top ologically

equiv alen t to a S while scaling is top ologically equiv alen t to R .

Non-Ab elian Multi-P arameter Groups F or m ulti-parameter transformation groups

that are not Ab elian, there are no re-parameterizations suc h that the group b eha v es

lik e the group of indep enden t translations in the new parameterization. One w a y

to approac h the problem is to start with the largest Ab elian subgroup of the m ulti-

parameter transformation group. The rest of the subgroups imp ose constrain ts on this

initial equiv arian t function space b y w a y of the di�eren tial equations: L

i

� = B

i

�.

Th us, the equiv arian t function space for the m ulti-paramete r transformation group

can b e constructed b y successiv ely constraining the equiv arian t function space of the

largest Ab elian subgroup.

Example 10 : Consider the m ulti-parameter transformation group made up of

translations in the x and y directions together with the group of rotations, i.e. g

t

x

; g

t

y

and g

r

resp ectiv ely . The largest Ab elian subgroup is the t w o-parameter group of

translations in the x and y directions. The equiv arian t function space for this group

is: span (�) = span ( x

p

y

q

e

�x + � y

) for 0 � p � m and 0 � q � l . The group of rotations



CHAPTER 3. CANONICAL DECOMPOSITION 53

yields the additional constrain t that L

r

� = B

r

� where L

r

= � x

@

@ y

+ y

@

@ x

. By

observ ation, w e can rule out the exp onen tials e

�x + � y

since applying L

r

to eac h term

in tro duces a monomial factor eac h time; rep eated applications of the in�nitesimal

generator will not terminate since the monomials of di�eren t degrees are indep enden t;

th us � = � = 0. Applying L

r

to the monomial x

p

y

q

, ho w ev er, raises the p o w er in one

v ariable and decreases the p o w er in the other. Successiv e applications will result in one

of the v ariables b eing reduced to zero. Hence, f x

p

y

q

g is an equiv arian t function space

under this group where 0 � p + q � m for some m . Note that this is not the only �nite

dimensional equiv arian t function space for this transformation group. Pro ceeding b y

�rst iden tifying the equiv arian t function space for rotation and then enforcing the

constrain ts imp osed b y the in�nitesimal generators of x and y translations L

t

x

and

L

t

y

will pro duce the family of Bessel functions [Len90b].

Th us far, equiv arian t function spaces ha v e b een constructed in t w o steps: (1)

matrices B

i

are selected, (2) equiv arian t functions spaces are deriv ed b y solving the

corresp onding system of partial di�eren tial equations. Unfortunately , only for one-

parameter transformation groups are w e guaran teed to �nd a solution. F or m ulti-

parameter transformation groups, arbitrary c hoices of B

i

will not alw a ys yield a

solution. Alternativ ely , w e could b egin b y selecting an in terp olation matrix A ( � )

and then deriv e its in�nitesimal generators B

i

and corresp onding system of partial

di�eren tial equations. The equiv arian t function space that is the solution to this

system of partial di�eren tial equations can then b e com bined with itself via v ector

sums and tensor pro ducts to pro duce larger equiv arian t function spaces.

Example 11 : Consider the t w o-parameter group of translations and scalings in

the x -direction:

g ( �

1

; �

2

) s ( x; y ) = s ( e

� �

1

x � �

2

; y ) :

W e select the follo wing in terp olation matrix A for this group:

A ( �

1

; �

2

) =

0

@

e

� �

1

� �

2

0 1

1

A

:
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Groups (# parameters) Equiv arian t F unction Space

x; y -translation (2) f x

p

y

q

e

�x + � y

g for 0 � p � m and 0 � q � l .

x; y -scaling (2) f x

�

y

�

(ln x )

p

(ln y )

q

g for 0 � p � m and 0 � q � l .

Rotation f r

�

(ln r )

p

e

ik �

g for 0 � p � m .

Uniform-scaling (2)

x; y -translation f x

p

y

q

g for 0 � p + q � m .

Rotation (3)

x; y -translation f x

p

y

q

g for 0 � p � m and 0 � q � l .

x; y -scaling (4)

x; y -translation f x

p

y

q

g for 0 � p + q � m .

x; y -scaling

Rotation (5)

T able 3: Sev eral examples of m ulti-parameter groups and their equiv arian t measuring

spaces. The parameters p; q ; m; l ; k 2 Z and �; � 2 C .

Note that comp osition of t w o transformations g ( �

b

1

; �

b

2

) g ( �

a

1

; �

a

2

) resem bles the m ulti-

plication of the t w o corresp onding in terp olation matrices A ( �

b

1

; �

b

2

) A ( �

a

1

; �

a

2

):

g ( �

b

1

; �

b

2

) g ( �

a

1

; �

a

2

) = g ( �

a

1

+ �

b

1

; e

� �

b

1

�

a

2

+ �

b

2

)

and

A ( �

b

1

; �

b

2

) A ( �

a

1

; �

a

2

) = A ( �

a

1

+ �

b

1

; e

� �

b

1

�

a

2

+ �

b

2

) :

This is not a mere coincidence; in fact, all in terp olation matrices are related to their

transformation groups in a similar w a y . More precisely , the group of in terp olation

matrices is homomorphic to the transformation group; lik ewise, their resp ectiv e Lie

algebras are also homomorphic to eac h other. F rom the in terp olation matrix A ( � )

the in�nitesimal generators can b e deriv ed:

B

1

:

=

@

@ �

1

A ( � )

�

�

�

�

�

� = 0

=

0

@

� 1 0

0 0

1

A

;

B

2

:

=

@

@ �

2

A ( � )

�

�

�

�

�

� = 0

=

0

@

0 � 1

0 0

1

A

:
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Subsequen tly , the v ector of functions � are the solutions of the follo wing system of

partial di�eren tial equations:

L

1

� = � x

@

@ x

� = B

1

� ;

L

2

� = �

@

@ x

� = B

2

� :

The solution to these equations is �( x ) = h ( y )( x; 1)

T

where h is an arbitrary functions

solely in y . Setting h ( y ) � 1 for simplicit y , the linearized tensor pro duct space of

�

n

i =1

�

i

( x ) where �

i

( x ) = �( x ) 
 � � � 
 �( x ) m ultiplie d i times is spanned b y the

functions f x

p

g for 0 � p � n .

T able 3 is a summary of sev eral common m ulti-parameter groups and their equiv ari-

an t function spaces deriv ed in similar w a ys.

3.4 Summ ary

W e conclude with a summary of the results presen ted in this c hapter.

1. Determining the basis functions for a steerable function under a giv en transfor-

mation group is equiv alen t to �nding the lo w est-dimensional equiv arian t func-

tion space con taining the orbit of the steered function. Steerable functions are

precisely those functions with �nite dimensional equiv arian t spaces.

2. A function space is closed under a transformation group if and only if it is

closed under eac h of the group's in�nitesimal generators. This implies that the

functions of an equiv arian t function space ha v e to satisfy a system of linear, �rst

order partial di�eren tial equations. Solving these di�eren tial equations results

in a function space that is closed under the group transformation.

3. The steering function corresp onding to a set of basis functions can b e obtained

analytically b y exp onen tiating a series of matrices B

i

that are the in�nitesimal

generators of the group of in terp olation matrices A ( � ).

4. Tw o equiv arian t function spaces under the same group span the same func-

tion space if and only if the in�nitesimal generators B

i

; B

0

i

of their group of

in terp olation matrices A ( � ) ; A

0

( � ) are sim ultaneously similar B

i

= P B

0

i

P

� 1

.
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5. The function spaces equiv arian t under an y Ab elian m ulti-parameter group are

made up of pro ducts of monomials and complex exp onen tials when expressed

in canonical co ordinates.



Chapter 4

Generator T rees

Once the equiv arian t function spaces for a giv en transformation group has b een deter-

mined, selecting the minimal set of basis functions for a particular steerable function

in v olv es c ho osing the equiv arian t function space with the smallest dimension that con-

tains the orbit of that function. This is often done b y insp ection. T ypically , �nding

an y equiv arian t function space that con tains the orbit of the giv en function is rela-

tiv ely easy; one simply decomp oses the function in to a p olynomial of simpler steerable

functions for whom minim al equiv arian t function spaces ha v e already b een iden ti�ed.

Ho w ev er, determining the minim al equiv arian t function space is more complicated.

In this c hapter, w e in v estigate further the prop erties of the in�nitesimal generators

of a transformation group. W e prop ose t w o graph-theoretic structures: in the case of

one-parameter transformation groups, the structure is an ordered list or c hain; in the

case of m ulti-paramete r transformation groups, the structure is a k -ary tree where k

is equal to the n um b er of parameters in the group. The no des of b oth structures are

di�eren tial op erators constructed via rep eated applications of the v arious in�nitesimal

generators of the group. Hence, the c hain of di�eren tial op erators is describ ed as a

gener ator chain while the tree of di�eren tial op erators is describ ed as a gener ator

tr e e . These structures are deriv ed from prop erties of the transformation group and

are indep enden t of the function that is to b e steered.

W e sho w that for one-parameter transformation groups, the minim al n -dimensional

equiv arian t function space of an y steerable function is spanned b y the set of functions

57
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obtained b y applying the �rst n di�eren tial op erators in the generator c hain to the

steered function. Lik ewise, for k -parameter transformation groups, the minimal n -

dimensional equiv arian t function space of an y steerable function is spanned b y the

set of functions obtained b y applying n di�eren tial op erators to the steered function;

these n di�eren tial op erators corresp ond to all the no des in a subtree of the k -ary

generator tree suc h that the subtree and the generator tree share a common ro ot.

Applying the di�eren tial op erators of the remaining no des in the generator c hain or

tree to the steered function pro duces functions that are linearly dep enden t on the

basis functions. These t w o results lead to a computationally e�cien t pro cedure for

computing the minim al set of basis functions for an y giv en steerable function. The

computational complexit y of the pro cedure is linear with resp ect to the actual mini-

mal n um b er of basis functions required, ev en in the case of m ulti-parame ter groups.

1

W e describ e the results of a sym b olic v ersion of the pro cedure as w ell as a n umerical

implem en tati on of it.

The material presen ted in this c hapter can b e found in [THO98c ]; an early v ersion

of it is describ ed in [THO97].

4.1 Generator Chains

In this section, w e consider one-parameter transformation groups and in tro duce the

generator c hain asso ciated with an y one-parameter group. Before doing so, ho w ev er,

w e recall that a function is steerable with a minim um of n basis functions pro vided

there exists an n -dimensional equiv arian t function space con taining the orbit of that

function. The c hoice of basis functions for that equiv arian t function space is not

unique; an y (non-singular) linear transformation of a c hosen set of basis functions

could also b e used. F urthermore, if the function can b e steered with m > n other

basis functions, then m � n of them are necessarily linearly dep enden t on the remaining

n basis functions, and all c hoices of n basis functions span the same function space.

1

The linear complexit y refers to the n um b er of no des in either the generator c hain or tree that

needs to b e visited. A t eac h no de, a test for linear dep endence on the curren t basis set needs to

b e p erformed. Th us, a naiv e implem en tation w ould ha v e quadratic complexit y with resp ect to the

n um b er of inner-pro ducts necessary .
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Th us, the minim al equiv arian t function space for an y steerable function is unique.

W e formalize this notion in the follo wing theorem.

Theorem 3 (Minimalit y of Basis F unctions) : L et � = ( �

1

; � � � ; �

n

)

T

b e the

minimum set of indep endent b asis functions r e quir e d to ste er a function f under a

Lie tr ansformation gr oup G . Then, any other ste er able b asis 	 = (  

1

; � � � ;  

m

)

T

of f

with r esp e ct to G has exactly n line arly indep endent functions.

Pro of 3 :

Assume that m is the minim um n um b er of linearly indep enden t functions in 	 to

steer f . Therefore, it is p ossible to �nd m transformed replicas of f that are linearly

indep enden t (otherwise m is not minimal) :

0

B

B

B

@

g ( �

1

) f

.

.

.

g ( �

m

) f

1

C

C

C

A

=

2

6

6

6

4

�

T

( �

1

)

.

.

.

�

T

( �

m

)

3

7

7

7

5

	

:

= B 	

where �

T

( � ) is comp osed of the steering functions asso ciated with 	 and �

1

; : : : ; �

m

are particular c hoices of steering parameters. Since the m transformed replicas are

linearly indep enden t, B is a non-singular matrix. These m transformed replicas of f

can also b e constructed using the n basis functions of �:

0

B

B

B

@

g ( �

1

) f

.

.

.

g ( �

m

) f

1

C

C

C

A

=

2

6

6

6

4

�

T

( �

1

)

.

.

.

�

T

( �

m

)

3

7

7

7

5

�

:

= A � = B 	 :

Since B is in v ertible it is p ossible to express 	 as a linear com bination of �:

	 = B

� 1

A � :

No w, if 	 includes m > n functions, it is ob vious from the ab o v e equation that m � n

of them are linearly dep enden t. This con tradicts the minim alit y assumption of m .

On the other hand, if m < n , then n is not minim al. Th us, it m ust b e true that

m = n and all the n functions in 	 are linearly indep enden t. 2
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W e no w describ e a metho d of constructing a basis for a giv en steerable function

f under a transformation G . F rom Theorem 3, this basis can b e related to an y other

steerable basis of f via a linear transformation. Asso ciated with eac h one-parameter

transformation group G is its generator L . As sho wn in Chapter 2, the generator

L is a di�eren tial op erator corresp onding to an in�nitesimal transformation ab out

the iden tit y . Applying L to a function f results in a new function Lf ; lik ewise,

applying L a second time to the previous result yields another function whic h w e

denote b y L

2

f = L ( Lf ). Alternativ ely , w e could also regard L

2

(or L

j

, j � 0) as a

new di�eren tial op erator that is applied to f . The set of all suc h di�eren tial op erators

is collected in to a sequence in the follo wing de�nition.

De�nition 3 (Generator Chain) : A generator c hain C ( L ) is an or der e d se quenc e

of di�er ential op er ators c orr esp onding to r ep e ate d applic ations of the given gener ator

L ; i.e.,

C ( L ) = ( I ; L; L

2

; L

3

; : : : )

wher e I c orr esp onds to zer o applic ations of the gener ator.

The result of applying C ( L ) to a function f is de�ned to b e the ordered sequence

of functions:

C ( L ) f = ( f ; Lf ; L

2

f ; L

3

f ; : : : ) :

Using the exp onen tial map giv en in Equation 4, the series formed b y summing all

the functions in the sequence is exactly the same as transforming f b y an elemen t

g ( � ) 2 G :

g ( � ) f = exp( � L ) f =

1

X

i =0

�

i

i !

�

L

i

f

�

: (6)

Th us, the set of functions C ( L ) f pro vides a basis with whic h f can b e steered. F rom

Theorem 3 it follo ws that this basis is redundan t if n functions are required to steer

f ; only n of the functions in C ( L ) f are linearly indep enden t. It turns out that these

n functions are necessarily the �rst n functions of the c hain. The minim alit y of the

generator c hain is formalized in the follo wing theorem.
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Theorem 4 (Minimalit y of Generator Chain) : L et f b e a ste er able function

under a one-p ar ameter Lie tr ansformation gr oup G such that tr ansformations of f

by any element g 2 G c an b e written as a line ar c ombination of (no less than) n

b asis functions. L et L denote the in�nitesimal gener ator of G . The applic ation of the

gener ator chain C ( L ) to f r esults in an or der e d se quenc e of functions such that the

elements i > n of the se quenc e, c orr esp onding to L

( i � 1)

f , ar e line arly dep endent on

the �rst n elements. F urthermor e, the �rst n functions of the se quenc e ar e line arly

indep endent.

Pro of 4 : Let the ( m + 1)

st

function in the sequence b e the �rst linearly dep enden t

function. That is, L

m

f can b e written as a linear com bination of the �rst m linearly

indep enden t functions. As a result, all subsequen t functions in the sequence L

j

f where

j > m are necessarily linearly dep enden t on the �rst m functions as w ell. This can b e

pro v en b y strong induction where j = m + 1 is the base case. let l

m

f =

P

m � 1

i =0

a

i

l

i

f .

then,

l

m +1

f = l ( l

m

f ) = l (

P

m � 1

i =0

a

i

l

i

f )

=

P

m � 1

i =0

a

i

l

i +1

f

= a

m � 1

l

m

f +

P

m � 2

i =0

a

i

l

i +1

f

but since l

m

is linearly dep enden t on the �rst m functions, l

m +1

f can also b e expressed

as a linear com bination of these functions. the pro of of the inductiv e case is similar.

As a result, Equation 6 implies that transformations of f can b e written as a linear

com bination of the �rst m functions in C ( L ) f . Because f is steerable with n basis

functions (b y assumption), it follo ws from Theorem 3 that m m ust equal n . 2

This theorem suggests the follo wing pro cedure to compute a set of basis functions

to steer an arbitrary function f . The generator L is applied to f rep eatedly and

eac h time, the linear dep endence of the new function up on the previously computed

functions is c hec k ed. If it is linearly dep enden t, then the set of all functions computed

prior to this one is su�cien t to steer f . It the function f is steerable with n basis

functions, then the pro cedure will terminate after n + 1 iterations. Figure 8 describ es

the pro cedure in pseudo-co de. The pro cedure is applied to the follo wing t w o examples.
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/* Compute the basis functions needed to */

/* steer f under a one-parameter group. */

next f = f ;

basis set = fg ;

while ( next f not linearly dep enden t on basis set ) f

basis set = basis set [ f next f g

next f = L next f ;

g

return( basis set );

Figure 8: Pro cedure for computing the basis functions to steer an arbitrary function

f under a one-parameter group.

Example 12 : Let f ( x; y ) = � 2 x e

� ( x

2

+ y

2

)

and G b e the group of rotations in the

plane. The generator of G is L = x

@

@ y

� y

@

@ x

, and

L

0

f = � 2 x e

� ( x

2

+ y

2

)

= f ; L

1

f = 2 y e

� ( x

2

+ y

2

)

;

and L

2

f = 2 x e

� ( x

2

+ y

2

)

= � f . Therefore, f is steerable under G with t w o basis

functions; i.e., the deriv ativ e of a Gaussian in an y direction can b e expressed as a

linear com bination of t w o functions.

Example 13 : Let f ( x ) = (cos x + 1)

2

and G b e the group of x-translation:

g

r

( � ) f ( x ) = f ( x � � ). The generator of G is L = �

@

@ x

, and

L

0

f = (cos x + 1)

2

;

L

1

f = 2(cos x + 1) sin x = sin 2 x + 2 sin x;

L

2

f = � 2 cos 2 x � 2 cos x;

L

3

f = � 4 sin 2 x � 2 sin x;

L

4

f = 8 cos 2 x + 2 cos x;

and L

5

f = 16 sin 2 x + 2 sin x = � 4 L

1

f � 5 L

3

f . Therefore, f is steerable under G

with the �v e basis functions, f L

0

f ; : : : ; L

4

f g . The particular c hoice of basis functions
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is not unique; in this example, the function f is also steerable with the follo wing �v e

basis functions, f 1 ; sin x; cos x; sin 2 x; cos 2 x g .

4.2 Generator T rees

In this section, w e consider m ulti-parameter transformation groups. Let the set of

di�eren tial op erators, f L

1

; : : : ; L

k

g , b e the k generators of the k -parameter trans-

formation group G . In the con text of m ulti-paramete r transformation groups, the

generator c hain is no longer a c hain since more than one generator ma y b e applied;

instead, w e ha v e a tree of di�eren tial op erators. No des in the tree corresp ond to all

p ossible comp ositions of the generators.

De�nition 4 (Generator T ree) : A generator tree T ( L

1

; : : : ; L

k

) is a k -ary tr e e of

di�er ential op er ators c orr esp onding to r ep e ate d applic ations of the gener ators L

1

; : : : ; L

k

.

Each no de of the tr e e has k childr en, which c orr esp ond to applying e ach of the L

k

dif-

fer ent gener ators. L evel l of the tr e e c ontains k

l

no des, e ach of which r epr esents the

di�er ent p ermutations of applying L

1

; : : : ; L

k

r ep e ate d ly for a total of l times.

F or example,

T ( L

1

; : : : ; L

k

) =

�

�

�	

A

A

AU

@

@

@R

�

�

��

�

�

�	

A

A

AU

@

@

@R

�

�

��

�

�

�	

A

A

AU

@

@

@R

�

�

��

I

L

1

: : : L

k

L

2

: : :L

1

L

1

L

2

L

1

L

k

L

1

: : :L

1

L

k

L

1

L

k

L

k

L

1

Similar to generator c hains, applying T ( L

1

; : : : ; L

k

) to a function f results in a k -ary

tree where eac h no de corresp onds to the function obtained b y applying the generators

to f . F urthermore, using the exp onen tial map giv en in Equation 4, transforming f b y

an elemen t g ( �

1

; : : : ; �

k

) 2 G can b e calculated b y a linear com bination of functions
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in the tree T ( L

1

; : : : ; L

k

) f :

g ( �

1

; : : : ; �

k

) f = e

�

1

L

1

� � � e

�

k

L

k

f =

 

k

Y

i =1

1

X

l =0

�

l

i

l !

L

l

i

!

f (7)

Th us, the set of functions obtained b y applying T ( L

1

; : : : ; L

k

) to a function f pro vides

a basis with whic h to steer f . Similar to the case with generator c hains, this basis is

redundan t if only n functions are required to steer f . It turns out that the n functions

needed to steer f necessarily form a subtree of T ( L

1

; : : : ; L

k

) f with the same ro ot.

This prop ert y generalizes the minim alit y prop ert y of generator c hains asso ciated with

one-parameter groups.

Theorem 5 (Minimalit y of Generator T ree:) L et f b e a ste er able function un-

der a k -p ar ameter Lie tr ansformation gr oup G such that tr ansformations of f by any

element g 2 G c an b e written as a line ar c ombination of (no less than) n b asis func-

tions. L et L

1

; : : : ; L

k

denote the gener ators of G . The applic ation of the gener ator

tr e e T ( L

1

; : : : ; L

k

) to f r esults in a k -ary tr e e of functions such that ther e exists a

subtr e e T

0

( L

1

; : : : ; L

k

) f (with the same r o ot) satisfying the fol lowing two c onditions:

(1) al l functions within the subtr e e ar e line arly indep endent of one another, and (2) al l

functions in the original tr e e but not in the subtr e e ar e line arly dep endent on functions

within the subtr e e.

Pro of 5 : Let T

0

( L

1

; : : : ; L

k

) f b e a subtree of T ( L

1

; : : : ; L

k

) f (with the same

ro ot) suc h that: (1) all the functions within the subtree are linearly indep enden t,

and (2) all the functions that are imme diate c hildren of the subtree (as part of the

original tree) are linearly dep enden t on the functions within the subtree. Then, all the

descenden ts of the immedi ate c hildren are also linearly dep enden t on the functions

within the subtree. This can b e pro v en in a w a y similar to that for generator c hains in

Theorem 4. The strong induction, in this case, is on subtrees. Also, from Theorem 3

it follo ws that the total n um b er of linearly indep enden t functions in the original tree

is necessarily n since f is steerable. As a result of the former prop ert y , the size of the

subtree m ust b e n as w ell. 2

Unlik e the situation with generator c hains, this minimal subtree is not unique.

That is, there ma y b e t w o subtrees of the same size (and with the same ro ot as
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/* Compute the basis functions needed to */

/* steer f under a k -parameter group. */

next set = f f g ;

basis set = f f g ;

while ( next set is not empt y) f

next set

0

= fg ;

for eac h ( next f 2 next set ) f

for eac h ( L 2 f L

1

; : : : ; L

k

g ) f

next f

0

= L next f ;

if ( next f

0

not linearly-dep enden t

on basis set ) f

next set

0

= next set

0

[ f next f

0

g ;

basis set = basis set [ f next f

0

g ;

g

g

next set = next set

0

;

g

g

return( basis set );

Figure 9: Pro cedure for computing the basis functions to steer an arbitrary function f

under a k -parameter group. The no des in the generator tree are tested in a breadth-

�rst manner.

the original tree) that could b e used to steer f . Ho w ev er, since f is steerable, the

functions in these t w o trees necessarily span the same space.

This theorem also suggests a pro cedure for computing the basis functions needed

to steer an arbitrary function f . Eac h of the generators f L

1

; : : : ; L

k

g is applied to f

rep eatedly . Eac h new function is then c hec k ed to determine if it is linearly dep enden t

on all the previously computed functions. If it is linearly dep enden t, then one need

not further apply an y generators to this function. If the function f is steerable with

n basis functions under a k -parameter group, then the pro cedure will terminate after
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testing at most nk + 1 functions.

2

Figure 9 describ es the pro cedure in pseudo-co de.

The pro cedure is applied to the follo wing t w o examples.

Example 14 : Let f ( x ) = x

2

and G b e the group of one-dimensional scaling and

translations: g ( �

1

; �

2

) f ( x ) = f ( e

� �

1

x � �

2

). The generators of G are L

�

1

= � x

@

@ x

and

L

�

2

= �

@

@ x

. It can b e seen that:

f = x

2

; L

�

1

f = � 2 x ; L

2

�

1

f = 2

are the �rst three functions that span the en tire generator tree T ( L

�

1

; L

�

2

). Th us,

an y other no de in the generator tree is linearly dep enden t on these functions.

Example 15 : Let f ( x; y ) = sin x sin y and G b e the group of translation along

the x and y dimensions: g ( �

1

; �

2

) f ( x ) = f ( x � �

1

; y � �

2

). The generators of G are

L

�

1

= �

@

@ x

and L

� 2

= �

@

@ y

:

T ( L

�

1

; L

�

2

) f =

�

�

�	

@

@

@R

@

@

@R

sin x sin y

� cos x sin y � sin x cos y

cos x cos y

.

Since translation in the x and y dimensions are comm utativ e , their generators com-

m ute as w ell; i.e., L

�

1

L

�

2

= L

�

2

L

�

1

. Th us, the left c hild of the no de with � sin x cos y

is automatically pruned since it will b e the same as the righ t c hild of the no de with

cos x cos y . Therefore, f is steerable under G with four basis functions.

2

A k -ary tree with one no de has k immediate c hildren. Eac h addition of a new no de increases

the n um b er of immedia te c hildren b y k � 1; adding n � 1 no des results in a total n um b er of ( n �

1)( k � 1) + k = n ( k � 1) + 1 imm ediate c hildren in the tree. Th us, a k -ary tree with n no des (in ternal

no des as w ell as lea v es) has exactly n ( k � 1) + 1 immediate c hildren. The n um b er of times the linear

dep endence test is in v ok ed is equal to the sum of the n um b er of basis functions required and the

n um b er of immediate c hildren in the resultan t k -ary generator tree. Therefore, the total n um b er of

times the test is applied is n + n ( k � 1) + 1 = nk + 1.
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4.3 Sim ul ations

In this section, w e presen t t w o applications of the theory describ ed in the previous sec-

tion. The �rst application is an implem en tation of the pro cedure describ ed in Section

4.2 for steering p olynomials. The second application is a n umerical implem en tation

of the same pro cedure for appro ximately steering an y sampled function.

4.3.1 Steering P olynomials

The pro cedure describ ed in Section 4.2 w as implem e n ted in MA TLAB to automat-

ically determine the basis functions needed to steer an arbitrary t w o-dimensional

p olynomial under an y subgroup of the t w o-dimensional a�ne transformation. In

Chapter 3, w e sa w that suc h p olynomials can b e steered, with a �nite n um b er of

basis functions, under an y subgroup of the a�ne group. Th us, the pro cedure is

guaran teed to terminate after a �nite n um b er of iterations.

In the pro cedure, the linear indep endence of a p olynomial with resp ect to the

curren t basis set needs to b e determine. This is done b y represen ting eac h p olynomial

in terms of the basis of monomials f 1 ; x; y ; x

2

; xy ; y

2

; : : : g . Sp eci�cally , let the matrix

B b e an m � n matrix of co e�cien ts and m b e the n � 1 v ector of monomials suc h

that B m yields an m � 1 v ector corresp onding to the m basis p olynomials. Similarly ,

expressing the new p olynomial in the monomial basis results in a 1 � n v ector b of

co e�cien ts. Since the monomials are linearly indep enden t, the new p olynomial is

linearly dep enden t on the basis set if and only if b is in the ro w space of B . The

generators for eac h one-parameter subgroup (e.g. x -translation, y -translation, etc.)

are implem en te d as op erations on the co e�cien ts of the p olynomial represen tation.

This is p ossible since applying an y generator to a p olynomial alw a ys results in another

p olynomial.

The cubic p olynomial x

3

+ 3 x

2

y + 3 xy

2

+ y

3

( mpoly2 ) is used in the follo wing

examples. The basis functions needed to steer the function under di�eren t m ulti-

parameter groups are computed automatically .

1. In this example, basis functions to steer the p olynomial under the group of
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uniform scaling and rotation are computed. The generators are L

s

= � x

@

@ x

� y

@

@ y

and L

r

= x

@

@ y

� y

@

@ x

resp ectiv ely .

poly2 mat = steer poly2(mypo ly2 , 'lscale', 'lrot')

x

3

+ 3 x

2

y + 3 xy

2

+ y

3

;

3 x

3

+ 3 x

2

y � 3 xy

2

� 3 y

3

;

3 x

3

� 15 x

2

y � 15 xy

2

+ 3 y

3

;

� 15 x

3

� 39 x

2

y + 39 xy

2

+ 15 y

3

:

2. In this example, basis functions to steer the p olynomial under the group of

translations in the x and y directions are computed. The generators are L

x

=

�

@

@ x

and L

y

= �

@

@ y

resp ectiv ely .

poly2 mat = steer poly2(mypo ly2 , 'ltransx', 'ltransy')

x

3

+ 3 x

2

y + 3 xy

2

+ y

3

;

� 3 x

2

� 6 xy � 3 y

2

;

6 x + 6 y ;

� 6 :

3. In this example, basis functions to steer the p olynomial under the group of

translations in the x and y directions and rotation are computed. The generators

are L

x

= �

@

@ x

, L

y

= �

@

@ y

, and L

r

= x

@

@ y

� y

@

@ x

resp ectiv ely .

poly2 mat = steer poly2(mypo ly2 , 'ltransx', 'ltransy', 'lrot')

� 15 x

3

� 39 x

2

y + 39 xy

2

+ 15 y

3

;

3 x

3

� 15 x

2

y � 15 xy

2

+ 3 y

3

;

3 x

3

+ 3 x

2

y � 3 xy

2

� 3 y

3

;

x

3

+ 3 x

2

y + 3 xy

2

+ y

3

;

� 3 x

2

� 6 xy � 3 y

2

;

� 6 x

2

+ 6 y

2

;
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6 x + 6 y ;

6 x � 6 y ;

24 xy ;

� 6 :

Clearly , the basis comprising of all the monomials in x; y up to p o w ers of three,

a total of ten, is su�cien t to steer the cubic p olynomial. Ho w ev er, as can b e seen

in the examples ab o v e, few er than ten are actually needed in some situations. The

pro cedure selectiv ely retains only those necessary b y remo ving those that are linearly

dep enden t (with resp ect to the in�nitesimal generators of the group).

4.3.2 Numerical Sim ulations

A n umerical v ersion of the pro cedure w as also implem e n ted. The program auto-

matically computes a set of basis functions that can b e used to steer a giv en t w o-

dimensional function. The deriv ativ es in the generators w ere appro ximated using

n umerical deriv ativ es. The linear dep endence of a function on the curren t set of basis

functions is v eri�ed b y pro jecting the function on to an orthogonalized v ersion of the

basis set and measuring the relativ e magnitude of the residual. The set of orthogonal

basis functions can b e e�cien tly computed b y using the Gram-Sc hmidt tec hnique

iterativ ely .

Since the pro cedure is not guaran teed to terminate for arbitrary functions as an

in�nite n um b er of basis functions migh t b e required, the c hec k for linear dep endence

w as replaced b y a n umerical condition that the residual b et w een the function and

its pro jection is b elo w some threshold. F urthermore, the maxim um depth of the

generator tree w as also used as a termination criteria since higher-order n umerical

deriv ativ es are less accurate. As a result, the steering of the giv en function with the

basis set is only accurate to within some range of transform parameters as w e shall

see.

Figure 10 sho ws the four basis functions that could b e used to steer (under ro-

tation) the function (12 x � 8 x

3

) exp[ � ( x

2

+ y

2

)], whic h is the third deriv ativ e of a
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Figure 10: Basis functions that steer (12 x � 8 x

3

) exp[ � ( x

2

+ y

2

)], the third deriv ativ e

of a Gaussian, under rotation. The leftmost image is the third deriv ativ e of a Gaussian

that w as used as input to the pro cedure.

Figure 11: Orthogonal basis functions that steer (12 x � 8 x

3

) exp[ � ( x

2

+ y

2

)], the third

deriv ativ e of a Gaussian, under rotation. The leftmost image is the third deriv ativ e

of a Gaussian that w as used as input to the pro cedure.

Gaussian. The leftmost image is the function that w as used as input to the pro cedure;

i.e., the function to b e steered. The spatial exten t of eac h image ranges from � 5 to

5 units b oth horizon tally and v ertically . Figure 11 sho ws images of four orthogonal

basis functions that could also b e used to steer the function. These basis functions

w ere computed b y the Gram-Sc hmidt comp onen t of the pro cedure.

Unlik e the third deriv ativ e of a Gaussian, the function sin( x ) exp[ � ( x

2

+ y

2

)]

cannot b e p erfectly steered under rotation. Figure 12 sho ws images of the four basis

functions returned b y the pro cedure. The maxim um tree-depth w as set at 6 and the

maxim um relativ e squared error of the residual w as 5%. The relativ e squared error

of using these basis functions to steer the function under an y rotation w as alw a ys less

than 0 : 1%. Figure 13 sho ws images of four orthogonal basis functions that could also

b e used to steer the function.

Figure 14 sho ws the 22 basis functions that w ere computed to steer the function

(4 x

2

� 2) exp [ � ( x

2

+ y

2

)] under an y x; y translation and rotation. Again, the steering
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Figure 12: Basis functions that steer sin( x ) exp[ � ( x

2

+ y

2

)] under rotation. The

leftmost image is the function that w as used as input to the pro cedure.

Figure 13: Orthogonal basis functions that steer sin( x ) exp[ � ( x

2

+ y

2

)] under rotation.

The leftmost image is the function that w as used as input to the pro cedure.

is only appro ximate since the function cannot b e steered with a �nite n um b er of basis

functions. The maxim um tree-depth of the pro cedure w as set at 3 and the maxim um

relativ e squared error of the residual w as 10%. Figure 15 sho ws the corresp onding 22

orthogonal basis functions. Figure 16 (left) plots the relativ e squared errors of steering

the function using this basis for a range of translations. The appro ximation is v ery

go o d ab out the origin (zero translation) and w orsens when the translations are large.

Figure 16 (righ t) plots the relativ e squared errors of steering a translated v ersion of

the function o v er all rotation angles. The errors in steering the un translated function

are negligible since the second deriv ativ e of a Gaussian can b e p erfectly steered with

three basis functions under orien tation.

4.4 Discussion

The prop osed metho d for computing basis functions to steer a giv en function essen-

tially computes the T a ylor expansion of the function with resp ect to the transform
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parameters. The expansion is ev aluated at the origin of the transform parameters.

Sev eral simpli�cations arise b ecause the transform is a Lie transformation group. The

principal one b eing that the T a ylor expansion can b e written solely in terms of the

�rst order deriv ativ es, namely , the generators. Equation 6 of Section 4.1 and Equa-

tion 7 of Section 4.2 describ e the T a ylor expansion in terms of the generator(s) for

one-parameter and m ulti-parameter groups resp ectiv ely . Since higher order deriv a-

tiv es can b e determined from these generators, prop erties in v olving the higher order

deriv ativ es can b e pro v en. These prop erties are precisely those that w ere used to

sho w the minim alit y of generator c hains and generator trees.

As a result of this close connection with T a ylor expansions, the errors incurred

in appro ximately steering a function increases with the deviation of the transform

parameters from the origin. This happ ens when the function to b e steered cannot

b e steered b y a �nite n um b er of basis functions. This can b e seen from the n umer-

ical implem en t ation of the pro cedure in Section 4.3. This ma y b e acceptable for

some applications where only a limited range of steering is required. F or example,

Manmatha [Man94] uses a similar approac h to estimate the a�ne transformation of

p oin ts, lines and image in tensities. Ho w ev er, if the function needs to b e steered o v er

a larger range of parameters, then either more basis functions could b e computed

b y increasing the maxim um tree-depth or b y applying the T a ylor expansion ab out

another lo cation other than the origin. The basis functions computed b y this metho d,

in fact, minim ize s the appro ximation error ab out the particular transform parameter.

Instead, if the criterion is to minimi ze the a v erage error o v er a range of transform

parameters, then few er basis functions are required. In the next c hapter, an e�cien t

metho d of computing the basis functions that minim iz es this appro ximation error is

describ ed.

If the function to b e steered is obtained from a space of functions that is steerable,

then the function can b e steered with a �nite n um b er of basis functions. Consequen tly ,

an analytic v ersion of the pro cedure could b e applied to determine the smallest basis

set required. The example for p olynomials is illustrated in Section 4.3. As sho wn

in that section, while eac h monomial could b e used as a basis function to steer the
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giv en p olynomial, often few er basis functions are su�cien t b ecause of v arious lin-

ear dep endencies. A similar algorithm could also b e implem en t ed for sin usoids o v er

translation/rotation or spherical harmonics o v er 3 D rotation.

4.5 Summ ary

W e conclude this c hapter with a summary of the results presen ted.

1. An y function steerable with n basis functions under some transformation group

can b e asso ciated with a unique n -dimensional equiv arian t function space.

2. F or one-parameter transformation groups, an y function steerable with n basis

functions can b e steered using the n functions obtained b y applying to the

steered function the di�eren tial op erators of the �rst n no des in the generator

c hain of the group.

3. F or k -parameter transformation groups, an y function steerable with n basis

functions can b e steered using the n functions obtained b y applying to the

steered function the di�eren tial op erators corresp onding to all the n no des of

some subtree sharing the same ro ot as the generator tree of the group.

4. The pro cedure to compute the minim al n basis functions of a steerable function

is linear in n .
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Figure 14: The 22 basis functions that steer (4 x

2

� 2) exp[ � ( x

2

+ y

2

)] under x; y �

translation and rotation. The image at the top left is the function that w as used as

input to the pro cedure.
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Figure 15: The 22 orthogonal basis functions that steer (4 x

2

� 2) exp[ � ( x

2

+ y

2

)]

under x; y � translation and rotation. The image at the top left is the function that

w as used as input to the pro cedure.
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Figure 16: Graph (a): Relativ e squared errors of the steered appro ximations to the

actual functions o v er a range of x -translations. The graph describing the errors with

resp ect to the y -translations is virtually iden tical. Graph (b): Relativ e squared errors

of the steered appro ximations to the actual functions o v er the en tire range of rotation

angles. The actual function has b een translated b y 0.5 units in b oth the x and y

dimensions; i.e., (4( x � 0 : 5)

2

� 2) exp[ � (( x � 0 : 5)

2

+ ( y � 0 : 5)

2

)]. The p ercen tage

errors for an un translated function are negligible.



Chapter 5

Cascade Basis Reduction

In earlier c hapters, w e in v estigated functions that w ere p erfectly steerable; that is,

functions that could b e expressed (in analytic form) as linear com binations of a �xed

set of basis functions when transformed under some transformation group. Ho w ev er,

as w as p oin ted out earlier, not all functions are p erfectly steerable. In practice, the

recip e for appro ximately steering suc h a non-steerable function is to �rst appro xi-

mate it using an equiv arian t function space and then steer the appro ximation. Suc h

a metho d is empiricall y e�ectiv e; ho w ev er, t ypically a mo derate n um b er of basis

functions is required.

An alternativ e approac h to designing basis functions that can b e used to steer a

giv en function is the singular v alue decomp osition metho d prop osed b y P erona [P er95].

As describ ed in Chapter 1, the tec hnique computes the optimal (in a least-squares

sense) set of basis functions to steer a giv en function under an arbitrary (compact)

transformation. Unlik e the Lie group-theoretic metho d in v olving equiv arian t function

spaces, this metho d is not restricted to Lie transformation groups. This restriction,

fortunately , is not to o sev ere as man y useful transformations are Lie transforma-

tion groups. Because it computes the least-squares optimal set of basis functions,

this metho d t ypically requires few er basis functions than the previous metho d when

steering a function o v er a transformation group. The main dra wbac k of the SVD

metho d, ho w ev er, is that its computational complexit y increases exp onen tially with

the n um b er of transform parameters. Hence, using this metho d ev en for groups with

77
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a mo derate n um b er of parameters, lik e the four-parameter group of linear image

transformations, is infeasible.

Besides commonly requiring more basis functions, the main shortcoming of the

Lie group-theoretic approac h is that the steerabilit y prop ert y is enforced glob al ly ;

that is, a function is designed to b e steered b y any transformation in the group. F or

non-compact groups (lik e translation and scaling), the basis functions spanning their

equiv arian t function spaces ha v e in�nite supp ort. If the function to b e steered has

compact-supp ort, then a large n um b er of basis functions are needed to appro ximate

it accurately . In practice, it is reasonable to assume that only transformations o v er a

limited range of parameters can b e exp ected. The SVD metho d prop osed b y P erona

can b e used when the n um b er of transform parameters is less than or equal to t w o;

ho w ev er, for larger n um b er of parameters, the metho d is computationally in tractable.

In this c hapter, w e presen t a new metho d of computing the optimal least-squares

set of basis functions to steer a giv en function within a limited range of transform pa-

rameters that is computationally e�cien t for larger n um b ers of transform parameters.

The e�ciency of the metho d is demonstrated b y the design of a set of basis functions

to steer a Gab or function under the four-parameter linear transformation group. The

metho d com bines the Lie group-theoretic and the singular v alue decomp osition ap-

proac hes in suc h a w a y that their resp ectiv e strengths compleme n t eac h other. The

h ybrid metho d comprises t w o steps. First, the Lie group-theoretic approac h is used to

compute the basis functions to steer the giv en function lo cally , i.e., within a compact

range of transform parameters. Since these basis functions (equiv arian t functions) are

already kno wn to b e steerable under the giv en transformation group, the computa-

tional complexit y of this step is indep enden t of the n um b er of transform parameters.

In the second step, the singular v alue decomp osition tec hnique is used to determine

the optimal least-squares set of basis functions and thereb y reduce the curren t n um-

b er of basis functions. The computational complexit y of this second stage is sho wn to

b e only dep enden t on the n um b er of basis functions used in the �rst stage. Since the

original group-theoretic basis functions (and their steering functions) are a v ailable

in analytic form, the least-squares optimal set of basis functions (and their steering

functions) can also b e deriv ed in analytic form.
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The material presen ted in this c hapter can b e found in [THO98a]; an early v ersion

of it is describ ed in [THO98b].

5.1 Lo cal Steerabilit y

In this section, w e in tro duce the concept of lo cal steerabilit y to allo w functions to b e

steered under compact subsets of the family of transformations. W e also sho w that

a compactly-supp orted function can b e steered lo cally with a set of equiv arian t basis

functions b y appro ximating it with these basis functions o v er an appropriate compact

domain.

De�nition 5 (Lo cal Steerabilit y) : A function f : R

m

7! C is lo cally steerable

under a k -p ar ameter Lie tr ansformation gr oup G if any tr ansformation T ( g ) of f by

any element g 2 G

0

� G c an b e written as a line ar c ombination of a �xe d, �nite set

of basis functions f

i

: R

m

7! C :

T ( g ) f =

n

X

i =1

�

i

( g ) f

i

(8)

W e will also assume that the region o v er whic h g 2 G

0

is compact in some parameter-

ization. Also, this subset G

0

need not b e a subgroup of G . If G

0

w ere a subgroup of

G , then the function f w ould simply b e globally steerable under the new subgroup.

As with the de�nition of global steerabilit y , w e will, in practice, also consider the case

where the lo cal steerabilit y prop ert y holds only in appro ximation.

If a function f is lo cally steerable with a set of basis functions f

i

, then arbitrary

linear com binations of f

i

(or ev en the basis functions themselv es) are not necessarily

lo cally steerable. Unlik e the situation with global steerabilit y , the function f is only

steerable within a lo cal range of parameter space; th us, eac h basis function f

i

is only

lo cally steerable within a di�eren t, p ossibly smaller, range of parameter space. Hence,

the prop ert y of lo cal steerabilit y cannot b e asso ciated with function spaces but has

to b e discussed with resp ect to the particular function.

A compactly supp orted function is a function that is non-zero only o v er some

compact region of its domain, and zero ev erywhere else. A non-compact transforma-

tion group refers to a group whose parameter space is non-compact. F or example,
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the group of translations is non-compact since its parameter space is R while the

group of rotations whose parameter space is S

1

is compact. F or compactly-supp orted

functions, there are no �nite-dimensional function spaces that can b e used to glob-

ally steer these functions under a non-compact transformation group. The simple

example of steering a (single-p erio d) raised cosine

1

under translation is illustrativ e of

this p oin t: in order to steer a raised cosine under all p ossible translations, an in�nite

n um b er of raised cosines are needed.

F ortunately , if only lo cal steerabilit y is desired, then a �nite n um b er of functions

migh t b e su�cien t to steer a compactly-supp orted function. The function to b e

steered is �rst appro ximated using an appropriate equiv arian t function space. This

appro ximation is then steered b y steering the basis functions spanning the space.

Since only lo cal steerabilit y is desired, the domain o v er whic h the function is appro x-

imated need only b e a subset of its actual domain; the size of this subset dep ends on

the range of parameter space o v er whic h lo cal steerabilit y is exp ected.

In tuitiv ely , w e need to appro ximate the function o v er a large enough subset of its

domain so that all transformed replicas of it will also b e adequately appro ximated.

F or example, consider the problem of steering a one-dimensional raised cosine under

translation. The raised cosine is compactly-supp orted o v er the in terv al [ � 1 ; 1]. The

range of translations o v er whic h it is to b e steered is [ � 1 ; 1]. Th us, the union of

the supp ort of all p ossible translated raised cosines is [ � 2 ; 2]. W e refer to this in ter-

v al as the inte gr ation r e gion as this w ould b e the (�xed) in terv al of in tegration for

a corresp onding steerable �lter. Clearly , the original raised cosine needs to b e w ell

appro ximated o v er this in terv al [ � 2 ; 2]. Unfortunately , appro ximating it o v er this

in terv al is not enough. When the raised cosine is translated to the left b y � 1, for

example, the in terv al [2 ; 3] (the righ t tail) of the original raised cosine's domain en ters

the in tegration in terv al. If the original raised cosine is p o orly appro ximated in this

region, then the in terv al [1 ; 2] of this translated raised cosine will b e p o orly appro x-

imated as w ell. The same holds when the raised cosine is translated to the righ t b y

1. Hence, the original raised cosine needs to b e w ell appro ximated o v er the in terv al

[ � 3 ; 3]. W e refer to this in terv al as the appr oximation r e gion . The in tegration region

1

The de�nition of a raised cosine adopted in this pap er is (cos ( � x ) + 1) = 2.
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Figure 17: The supp ort of the raised cosine is within the in terv al [ � 1 ; 1]. If the

function is to b e steered in translation o v er the range [ � 1 ; 1], then the inte gr ation

r e gion corresp onding to a steerable �lter w ould b e [ � 2 ; 2]. The in terv al o v er whic h

the raised cosine needs to b e appro ximated, i.e. the appr oximation r e gion is [ � 3 ; 3].

is a subset of the appro ximation region; the compact supp ort of the original function

is, in turn, a subset of the in tegration region. Figure 17 illustrates the appro ximation

and in tegration regions for a one-dimensional raised cosine steered under translation.

The in tegration and appro ximation regions can b e de�ned mathematicall y . Let

R

f

b e the compact supp ort of the steered function outside of whic h is zero iden tically .

The in tegration region is therefore:

R

in t

=

[

g 2 G

0

T ( g ) R

f

where G

0

is the subset of G o v er whic h the function is to b e lo cally steered. The

application of the group op erator g to the region R

f

pro duces the corresp onding

region T ( g ) R

f

of the transformed function. The appro ximation region is de�ned in

terms of the in v erse of the group op erator:

R

appro x

=

[

g 2 G

0

T ( g

� 1

) R

in t
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where T ( g

� 1

) T ( g ) = I , the iden tit y map, for all g 2 G .

5.2 Cascade Basis Reduction

The n um b er of equiv arian t basis functions required to appro ximate the steerable

function o v er the appro ximation region is not least-squares optimal. While these

basis functions span the space of all transformations of the original function, not all

p ossible linear com binations of these basis functions giv e rise to transformed replicas

of the original function. In fact, v ery few will; that is, only those b elonging to a k -

dimensional manifold within that function space, where k is the n um b er of parameters

required to describ e the transformation. In this section, w e describ e a metho d whic h

�nds an ordered set of functions suc h that the �rst n elemen ts of this set span the

optimal least-squares function space that b est con tains this manifold and th us can b e

used to steer f .

5.2.1 Singular V alue Decomp os ition

P erona [P er95] sho w ed that this problem could b e solv ed n umerically b y computing

the singular v alue decomp osition ( SVD ) of a particular matrix F whose column

v ectors are transformed replicas of a discretely sampled v ersion of the function f .

Th us, eac h column in F corresp onds to a sp eci�c sample of the parameter space o v er

whic h the function is to b e steered and eac h ro w in F corresp onds to a sp eci�c sample

of the function's domain. The SVD decomp oses the matrix F in to a pro duct of three

matrices:

F =

2

6

6

6

6

4

.

.

.

T ( g

1

) f

.

.

.

� � �

.

.

.

T ( g

s

p

) f

.

.

.

3

7

7

7

7

5

= U

F

S

F

V

F

T

= U

F

W

F

where s

p

indexes o v er samples of the parameter space, U

F

T

U

F

= I , V

F

T

V = I ,

and S

F

is a diagonal matrix of non-negativ e singular v alues, in decreasing order of

magnitude. It can b e sho wn that the �rst n columns of U

F

represen ts the optimal
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least-squares set of basis functions (of size n ) needed to steer f . The �rst n ro ws of

the matrix W

F

tabulate the w eigh ts of the linear com bination needed to steer f .

The SVD of matrix F could also b e computed b y �rst computing the eigen v alues

and eigen v ectors of F

2

:

= F

T

F . Denoting the eigen v alues and eigen v ectors of F

2

b y S

F

2

and V

F

2

resp ectiv ely , the SVD of F is: S

F

= S

F

2

1

2

, V

F

= V

F

2

, and

U

F

= F V

F

S

#

F

where S

#

F

is the pseudo-in v erse of S

F

. Assuming that s

d

and s

p

samples of the domain and parameter space resp ectiv ely are tak en, if s

p

< s

d

, then it

is computationally more e�cien t to compute the SVD of F in this manner as the size

of F

T

F is smaller than the size of F . Con v ersely , if s

d

< s

p

, then a similar metho d

using F F

T

could b e deriv ed. Th us, the computational complexit y of computing the

SVD of F is upp er-b ounded b y the smaller of the ro w and column dimensions of F .

F or one or t w o-parameter groups, s

d

often exceeds s

p

and s

p

is also manageably small.

As a result, the SVD of F could b e computed from the eigen v alues and eigen v ectors

of F

T

F . Unfortunately , s

p

increases exp onen tially with the n um b er of parameters.

F or example, with a four parameter group and a discretization of only ten samples

p er dimension, the n um b er of columns w ould b e 10

4

. Computing the eigen v alues and

eigen v ectors of a square matrix this size is computationally infeasible.

5.2.2 Basis Reduction

Alternativ ely , the matrix F could b e written as a pro duct of a s

d

� m matrix B and

an m � s

p

matrix H suc h that columns of B are a set of m appropriately c hosen,

discretely sampled, basis functions (not necessarily orthogonal) and the columns of

H con tain the w eigh ts needed to reconstruct eac h column T ( g

i

) f in F . T ypically , if

appropriate basis functions are c hosen, then m < s

d

and m < s

p

. Th us, although the

dimensionalit y of matrix F ( s

d

� s

p

) is quite large, its rank is only m whic h is m uc h

smaller than s

d

and s

p

. When the matrix F can b e decomp osed in to the pro duct

of B and H , the SVD of F can b e computed economically b y a sequence of t w o

singular v alue decomp ositions, eac h of whic h in v olv es computing the eigen v alues and

eigen v ectors of a square matrix whose size is equal to m . F rom the decomp osition of
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F , w e ha v e

F = B H

( a )

= ( U

B

S

B

V

B

T

) H

= U

B

H

0

( b )

= U

B

( U

H

0

S

H

0

V

H

0

T

)

= ( U

B

U

H

0

) S

H

0

V

H

0

T

= U

F

S

F

V

F

T

:

Th us, the SVD of F is suc h that U

F

= U

B

U

H

0

, S

F

= S

H

0

and V

F

= V

H

0

. Tw o

singular v alue decomp ositions need to b e computed: one at (a) in v olving B and a

second at (b) in v olving H

0

. These decomp ositions could b e obtained b y computing

the eigen v alues and eigen v ectors of B

T

B and H H

T

resp ectiv ely . Eac h of these

matrix pro ducts are square matrices of size m . If the basis functions are orthonormal,

then B

T

B = I . Th us, U

F

= B U

H

, S

F

= S

H

and V

F

= V

H

. That is, only the SVD

of H needs to b e computed. Alternativ ely , if the steering functions are orthonormal,

then H H

T

= I and only the SVD of B needs to b e computed.

5.2.3 Basis Reduction using Equiv arian t F unction Spaces

In the previous section, w e sa w that the optimal least-squares set of n basis functions

to steer a function f under an y k -parameter transformation group could b e e�cien tly

computed if an appropriate set of basis functions B w ere a v ailable. These basis

functions ha v e to b e c hosen so that they span the column space of F ; i.e., these basis

functions m ust b e su�cien t to lo cally steer the function f within the lo cal parameter

space of the k -parameter group.

In Section 5.1, w e sa w ho w equiv arian t functions could b e used to steer a function f

under a limited range of transformations. Essen tially , the function f is appro ximated

with linear com binations of the globally steerable equiv arian t functions B

glob

(within

some appropriate domain of appro ximation). Steering the function f then amoun ts

to steering the equiv arian t functions:

T ( g ) f � B

glob

A ( g ) c (9)
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where c is a v ector of w eigh ts that appro ximate f with B

glob

, i.e. f � B

glob

c . The

matrix A ( g ) is the matrix of steering functions used to steer eac h equiv arian t function.

Th us, these equiv arian t functions are suitable candidates for the basis functions of

B suc h that B = B

glob

and H = [ ( A ( g

1

) c ) � � � ( A ( g

s

) c )]. The columns of H

corresp ond to a discrete sampling of a lo cal range of the parameter space. Lik ewise,

the ro ws of B corresp ond to a discrete sampling of the domain of the globally steerable

basis functions. The SVD of B and H (and th us of F ) are then computed from the

eigen v alues and eigen v ectors of B

T

B and H H

T

resp ectiv ely .

5.2.4 Analytic F orm of Basis and Steering F unctions

Since the globally steerable basis functions and their corresp onding steering functions

are in analytic form, the new basis and steering functions computed from the SVD

of F can also b e describ ed in analytic form. T o obtain an analytic description of the

new basis functions, w e simply write them in terms of the globally steerable functions

in the columns of B . Observ e that B = U

B

S

B

V

B

T

and U

F

= U

B

U

H

0

. Th us, U

F

=

B ( V

B

S

#

B

U

H

0

). Ho w ev er, eac h column of B is simply a sampled v ersion of a basis

function. Therefore, the v ector of the new basis functions (describ ed analytically) is:

u

F

( x; y ) = ( V

B

S

#

B

U

H

0

)

T

b ( x; y ) (10)

where b ( x; y ) is the v ector of original basis functions (describ ed analytically). Lik e-

wise, to obtain an analytic description of the new steering functions W

F

= S

F

V

F

T

,

w e simply write them in terms of the original steering functions in the columns of

H . Since H

0

= S

B

V

B

T

H , H

0

= U

H

0

S

H

0

V

H

0

T

, and S

F

V

F

T

= S

H

0

V

H

0

T

, w e ha v e

W

F

= S

F

V

F

T

= ( U

H

0

T

S

B

V

B

T

) H . Again, eac h column of the matrix H is simply

a sampled v ersion of the steering function. Therefore, the v ector of new steering

functions (describ ed analytically) is:

w

F

( g ) = ( U

H

0

T

S

B

V

B

T

) h ( g ) (11)

where h ( g ) is the v ector of original steering functions (describ ed analytically); i.e.,

h ( g ) = A ( g ) c . Denoting � = U

H

0

S

B

V

B

T

, w e can write the o v erall analytic steering
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Figure 18: (a) Reconstructions of translated replicas of the original function using 10

basis functions. (b) Basis functions corresp onding to the three largest singular v alues

computed using the cascade basis reduction metho d.

equation as

T ( g ) f ( x; y ) = ( b ( x; y )

T

�

#

) ( � A ( g ) c ) : (12)

This equation is essen tially the same as Equation 9. T o compute the optimal least

squares set of n basis functions, only the �rst n columns of U

H

0

in � (and corre-

sp ondingly , in �

#

) are retained; the rest are set to zero.

5.3 Results

5.3.1 Comparison with Con v en tional SVD

In this exp erimen t, a one-dimensional Gaussian function (exp ( � (( x + 4 x ) =� )

2

= 2) ; � =

0 : 1) w as steered in translation o v er the parameter range � 0 : 5 � 4 x � 0 : 5. The

domain of the function w as discretized using 128 ev enly-spaced samples from [ � 1 ; 1].

The parameter range w as also discretized using 128 ev enly-spaced samples. Th us,

using the con v en tional SVD metho d, the singular v alue decomp osition of a 128 � 128

matrix w as computed.

F or the cascade basis reduction metho d, the sin usoids (and co-sin usoids) with in-

teger frequencies o v er the domain [ � 1 ; 1] w ere used as the equiv arian t functions (see

T able 2 of Chapter 2). A total of 21 w ere required to appro ximate the Gaussian o v er
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Figure 19: Graph (a) plots the analytic form of the basis function with the largest

singular v alue. The asterisks represen t the corresp onding discretely sampled basis

function computed using the con v en tional SVD metho d. Graph (b) plots the analytic

form of the steering function for the basis function with the largest singular v alue. The

asterisks represen t the corresp onding discretely sampled steering function computed

using the con v en tional SVD metho d.

this in terv al (one DC comp onen t, and 10 pairs of sin usoids and co-sin usoids of in-

creasing in tegral frequencies). The SVD of the matrix F w as then computed via t w o

consecutiv e SVD 's, eac h of whic h in v olv e only a 21 � 21 matrix. In b oth metho ds, w e

selected the optimal 10 basis functions and used them to steer the Gaussian. The ba-

sis functions deriv ed using b oth metho ds are virtually iden tical. Figure 18 (a) sho ws

translated replicas of the steered function constructed using the 10 basis functions.

Figure 18 (b) sho ws the �rst three basis functions obtained using the cascade basis

reduction metho d. Figure 19 (a) plots the analytically deriv ed �rst basis function.

The asterisks denote the n umericall y computed basis function obtained using the con-

v en tional SVD tec hnique. The analytically deriv ed basis function obtained using the

cascade basis reduction metho d in terp olate the n umerically computed sample p oin ts

v ery w ell. Figure 19 (b) plots the analytically deriv ed steering function corresp onding

to the �rst basis function.
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5.3.2 Steering a Gab or F unction under General Linear T rans-

formation

In this exp erimen t, a t w o-dimensional o dd-phase Gab or function (sin( x=�

x

) exp( � (( x=�

x

)

2

+

( y =�

y

)

2

) = 2), �

x

= �

y

= 0 : 2) w as steered o v er a range of linear transformations (com bi-

nations of rotations, indep enden t scalings along eac h axis, and sk ew-transformations).

The domain w as sampled uniformly o v er [ � 1 ; 1] � [ � 1 ; 1] with 64 � 64 samples. The lin-

ear transformation w as parameterized in a unique w a y: A = R ( �

2

) S

x

( s

x

) S

y

( s

y

) R ( �

1

)

where R ( �

1

) ; R ( �

2

) are rotation matrices and S

x

; S

y

represen t pure scaling in the x -

and y - directions resp ectiv ely . Th us, w e are disallo wing re
ections. The v alidit y

of this parameterization can b e understo o d in terms of the singular v alue decom-

p osition of A . The range of parameter space o v er whic h the Gab or function w as

steered w as: �

1

; �

2

2 [0 ; 2 � ) and s

x

; s

y

2 [1 ; 5 = 3]. The Legendre p olynomials o v er

the in terv al [ � 1 ; 1] � [ � 1 ; 1] w ere used as the equiv arian t basis functions to appro xi-

mate the Gab or function (see Chapter 3 for a catalog of equiv arian t function spaces

for di�eren t m ulti-paramete r transformations). A total of 231 Legendre p olynomi-

als w ere used. This set included all pro ducts of one-dimensional Legendre p oly-

nomials whose total degree w as less than or equal to 20; i.e.,

S

0 � d � 20

P

d

x;y

where

P

d

x;y

:

= f P

d

x

x

P

d

y

y

j d

x

+ d

y

= d; d

x

� 0 ; d

y

� 0 g .

The results of using the cascade basis reduction metho d to compute the basis

functions are sho wn in Figure 21. The singular v alues of the SVD decrease rather

rapidly suc h that a total of 11 basis functions w ere found to b e su�cien t to steer

the o dd-phase Gab or function (see Figures 20 (a) and (b)). These 11 basis functions

accoun ts for 99 : 9% of the total squared norm in the appro ximation. Figure 21 (a)

sho ws the �rst ten of these elev en basis functions. Figure 21 (b) sho ws replicas of the

Gab or function steered to v arious linear transformations. The mean squared error

in v olv ed in steering the Gab or as compared to the actually transforming the Gab or

itself o v er the range of transformed parameters w as 0 : 17% (expressed with resp ect to

the squared norm of the transformed Gab or in eac h case). The maxim um absolute

error with resp ect to the maxim um absolute v alue of the transformed Gab or in eac h

case w as 4 : 82%. A total of 22 ; 500 samples of the parameter space w ere used in this
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Figure 20: Graph (a) plots the magnitude of the singular v alues for eac h singular

v ector. Eac h singular v ector corresp onds to a single basis function. A total of 231

singular v ectors w ere presen t but only the largest 30 of them are plotted. Graph (b)

plots the cumm ul ativ e sum of the squared magnitudes of the singular v alues. The

squared magnitudes of the singular v alues ha v e b een normalized so that their sum

equals one.

exp erimen t. Since the domain w as sampled with 64 � 64 = 4096 samples, applying

the con v en tional metho d w ould ha v e required computing the SVD of a 4096 � 4096

matrix! The cascade basis reduction metho d, ho w ev er, required the calculation of the

SVD of t w o 231 � 231 matrices.

Figure 22 sho ws the results of using the cascade basis reduction metho d to design a

set of basis functions for an ev en-phased Gab or function, (cos( x=�

x

) exp( � (( x=�

x

)

2

+

( y =�

y

)

2

) = 2), �

x

= �

y

= 0 : 2). Figure 22 (a) sho ws the eigh t basis functions that

accoun t for 99 : 9% of the total squared error. Figure 22 (b) sho ws replicas of the

Gab or function steered to v arious linear transformations.

5.4 Summ ary

W e conclude this c hapter with a summary of its highligh ts.

1. A de�nition of lo cal steerabilit y w as prop osed. With global steerabilit y , the

basis functions are themselv es steerable. Ho w ev er, the basis functions of a
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(a)

(i) (ii) (iii) (iv) (v)

(b)

Figure 21: (a) T en out of the elev en basis functions (99.9% total squared norm)

computed to steer the o dd-phase Gab or under an y lo cal linear transformation. The

basis functions are arranged in descending order of the magnitudes of their singular

v alues from left to righ t and from top to b ottom. (b) Image (i) sho ws a reconstruction

of the original function. Image (ii) sho ws a reconstruction of the function rotated b y

60 degrees. Image (iii) sho ws a reconstruction of the function scaled along the x -axis.

Image (iv) sho ws a reconstruction of the function scaled along the y -axis. Image (v)

sho ws a reconstruction of the function sk ew ed along the x -axis and uniformly scaled.

All of these functions w ere reconstructed using the 11 basis functions.
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(a)

(i) (ii) (iii) (iv) (v)

(b)

Figure 22: (a) Eigh t basis functions (99.9% total squared norm) computed to steer

the ev en-phase Gab or under an y lo cal linear transformation. The basis functions are

arranged in descending order of the magnitudes of their singular v alues from left to

righ t and from top to b ottom. (b) Images (i) through (v) sho w reconstructions of the

original function under v arious linear transformations. See the caption of Figure 21

for further description.
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lo cally steerable function are not lo cally steerable within the same range of

transform parameters.

2. The in tegration and appro ximation regions of a lo cally steered function w ere

de�ned. The in tegration region is the region of supp ort within whic h lo cally

steering the function with a set of basis functions is v alid. The appro ximation

region is the enlarged region of supp ort o v er whic h the function to b e steered

needs to b e appro ximated.

3. A cascade basis reduction metho d w as prop osed where the lo cally steered func-

tion is �rst appro ximated using an appropriate equiv arian t function space and

then a series of t w o singular v alue decomp ositions are carried out to compute

the optimal least-squares set of basis functions to steer the giv en function. The

t w o singular v alue decomp ositions are p erformed on n � n matrices where n is

the n um b er of basis functions spanning the equiv arian t function space.

4. The basis and steering functions of the lo cally steered function w ere deriv ed in

analytic form.

5. Tw o sets of basis functions to steer an o dd-phased and an ev en-phased Gab or

function o v er a limited range of the four-parameter group of linear transforma-

tions w ere designed.



Chapter 6

Applications

In this c hapter, w e describ e �v e applications of steerable function. In the �rst applica-

tion, steerable �lters are used to mo del h yp othetical orien tation-sensitiv e mec hanisms

in a mo del of h uman spatial pattern detection. Because the outputs of a steerable

�lter can b e syn thesized arbitrarily , the mo del is able to compute the collectiv e re-

sp onse of an in�nite n um b er of these h yp othetical orien tation-sensitiv e units. In the

second application, t w o tec hniques for designing �lters for gradien t-based motion es-

timation are describ ed. These tec hniques are ro oted in the observ ation that suc h

motion estimation �lters ha v e to b e appro ximately steerable. The third application

sho ws the use of steerable functions to represen t the emitted radiance distribution of

a computer graphics mo del of a ligh t source. This means that the radiance distribu-

tion of the ligh t source is steerable. Due to the linearit y of the rendering op eration,

re-rendering of scenes under steered illumination c hanges can th us b e e�cien tly com-

puted as linear com binations of a collection of basis images. The fourth application

details the construction of in v arian ts within equiv arian t function spaces and describ es

the relev ance of equiv arian t function spaces to in v arian t feature detection. Finally ,

the �fth application p oin ts out that the use of steerable functions is not limited to

the con tin uous case. It describ es the use of steerable functions o v er sets of p oin ts and

lines.

93



CHAPTER 6. APPLICA TIONS 94

Gain Control

Retinal 
Component

Cortical 
Component

Target+Mask
Image

Mask Image

Gain Control

?

Decision 
Mechanism

+

+

+

+

d'

Figure 23: Ov erview of the h uman spatial pattern detection mo del. The mo del

consists of three ma jor comp onen ts: a retinal comp onen t, a cortical comp onen t and

a decision mec hanism. The mo del sim ulates a discrimination task; the output of the

mo del is a n um b er represen ting the discriminabilit y b et w een the t w o input images.

6.1 Con tin uum Appro ximation in Mo deling Vision

In this section, w e describ e the use of steerable functions in a mec hanistic mo del of

h uman spatial pattern detection. The part of the mo del that uses steerable functions

will b e presen ted in detail; the rest of the mo del will only b e brie
y men tioned.

Details of the mo del can b e found in [TH94b, TH94a , TH95].

The mo del tak es as input t w o spatial patterns and outputs a single n um b er rep-

resen ting the predicted visual discriminabilit y b et w een the t w o input images. In a

psyc hoph ysical exp erimen t, these t w o patterns w ould b e the patterns presen ted to a

h uman sub ject whose task then is to determine if they are visibly di�eren t; the goal

of the mo del is to predict the h uman observ er's p erformance. In a more applied set-

ting lik e image compression, the t w o images w ould corresp ond to the original image

and a lossy-compressed replica; the mo del w ould then b e used to determine if the

compression errors are visible, and p ossibly tune the compression algorithm for the

particular image.

The mo del consists of three ma jor comp onen ts: a retinal comp onen t, a cortical
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Figure 24: Sc hematic of con trast normalization in the cortical comp onen t of the

mo del. Con trast normalization in v olv es: (1) computing energy resp onses as the sum

of the squared resp onses of a quadrature pair of linear resp onses, and (2) divisiv e nor-

malization, that is, dividing eac h energy resp onse b y a sum of other energy resp onses.

comp onen t, and a decision mec hanism (Figure 23). Eac h of the patterns is pro cessed

through the retinal and cortical comp onen ts of the mo del. The retinal comp onen t

con trols the mo del's sensitivit y to c hanges in the a v erage ligh t lev el. The cortical

comp onen t con trols the mo del's sensitivit y to spatial patterns of di�eren t spatial

frequencies and orien tations. The �nal comp onen t of the mo del, the decision mec ha-

nism, then compares the outputs of the cortical comp onen t for the t w o patterns. In

particular, the decision mec hanism computes d

0

, a measure of discriminabili t y com-

monly used in signal detection theory . Under certain assumptions, d

0

is related to the

probabilit y of correctly detecting when the t w o patterns are di�eren t. F or example,

a d

0

= 1 w ould imply that the detection mec hanism is correct 84% of the time.

Steerable �lters are used in the cortical comp onen t of the mo del to mo del the re-

ceptor �elds of h yp othetical cortical mec hanisms in v olv ed with early visual pro cessing.

Within an y lo cal region of the visual �eld, there is a large n um b er of suc h mec ha-

nisms sensitiv e to di�eren t spatial frequency , phase, and orien tation. The steerable
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�lters used in the mo del are th us also lo calized in spatial frequency , phase, and ori-

en tation. These steerable �lters are designed to b e steerable o v er orien tation; their

phase and spatial frequency selectivit y are ac hiev ed through the use of a pair of m ulti-

resolution p yramids that are in quadrature-phase [SF95b ]. The m ultiplic it y of cortical

mec hanisms tuned to di�eren t orien tations is mo deled b y steering the outputs of the

steerable �lters to di�eren t orien tations.

The linear outputs of the steerable �lters are normalized b y a metho d kno wn

as c ontr ast normalization [A G91, Hee92b , Hee92a, Hee93 , FB94], whic h is depicted

in Figure 24. A simpli�ed v ersion of con trast normalization in v olv es squaring the

output of the linear �lter, and dividing the result b y the sum of squared outputs

of all �lters tuned to di�eren t orien tations together with a semi-saturation constan t.

The resulting con trast normalized output is a v alue b ounded b et w een zero and some

constan t. Mathematically ,

�

O ( �

i

) = k

( O ( �

i

))

2

1

N

P

N

j =1

( O ( �

j

))

2

+ �

2

(13)

where j indexes o v er the orien tation tunings of all mec hanisms, and O ( �

i

) = h f

�

i

; I i

is the output of the steerable �lter f tuned to orien tation �

i

. Because f is steerable,

it follo ws b y linearit y that its output is also steerable; that is, O ( �

i

) can b e written

as a linear com bination of the outputs of a �xed set of M basis �lters: O ( �

i

) =

P

M

j =1

�

j

( �

i

) O ( �

j

).

The discriminabili t y v alue computed b y the mo del is a function of the discrim-

inabilit y of individual mec hanisms. In particular, the o v erall discriminabili t y b et w een

all orien tation sensitiv e mec hanisms is computed from the di�erences of their normal-

ized outputs:

d

0
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1

N

N

X

i =1

(

�

O

1
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i

) �

�
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2

( �
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(14)

where

�

O

1

( �

i

) ;

�

O

2

( �

i

) represen t the normalized outputs of a steerable �lter applied to

the t w o input patterns resp ectiv ely; the �lter is steered to a v ariet y of orien tations �

i

.

If the n um b er of di�eren t orien tation-selectiv e mec hanisms N is small, Equation 14

can b e computed e�cien tly . Since eac h

�

O ( �

i

) represen ts the output of a single cortical

unit and it is lik ely that there are a large n um b er of these cortical units, N is exp ected
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to b e extremely large. As N gro ws larger and larger, the sum in the equation can b e

considered as computing a Riemann sum, whic h con v erges to the Reimann in tegral

of the expression within the sum. That is,

d

0

!

Z

(

�

O

1

( � ) �

�

O

2

( � ))

2

d� (15)

as N ! 1 . Here, w e assume that the distribution of orien tation-selectiv e mec hanisms

is uniform. In general, a non-uniform distribution could b e used, in whic h case the

in tegral b ecomes a w eigh ted in tegral. This tec hnique of appro ximating a (con v ergen t)

discrete sum of a large n um b er of terms with its Riemann in tegral is kno wn in the

neural computation comm uni t y as a c ontinuum appr oximation [HKP91].

The con tin uum appro ximation of Equation 14 can b e computed in closed form

b ecause the normalized outputs

�

O

1

( � ) ;

�

O

2

( � ) are steerable. In particular,
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2
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2

d� + �

2

(16)

where the denominator, after applying the con tin uum appro ximation, is indep enden t

of � and can b e computed in terms of the outputs of the basis �lters O ( �

j

) directly as
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. Th us, Equation 15 can b e expressed in terms of O ( � ):
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where �

i

= k = (

R

( O

i

( � ))

2

d� + �

2

) and O

i

( �

j

) are the outputs of the basis �lters. The

steering functions �

j

( � ) are expressible in analytic form and their in tegrals can b e

deriv ed in closed form. As a result, the discriminabil it y d can b e computed directly

from the outputs of the basis �lters O

i

( �

j

). The actual computations in the mo del

are more complicated than what has b een presen ted, in v olving quadrature pairs of

steerable �lters and m ultiple con trast normalization units. By assuming an in�nite

n um b er of orien tation-selectiv e mec hanisms, the mo del is rotation in v arian t since the

discriminabilit y v alue is computed indep enden t of � . The mo del is also appro ximately

translation in v arian t b ecause of the use of quadrature pairs.

Nev ertheless, b y assuming an in�nite n um b er of orien tation-selectiv e mec hanism s,

the mo del is not only translation in v arian t, but also rotation in v arian t.
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Figure 25: Summary of mo del's �ts to con trast masking data with mask ers of di�eren t

orien tations. Empirical data from F oley and Bo yn ton [F ol94, FB94] is represen ted b y

�lled circles while the mo del's predictions are describ ed b y the solid lines.

Figure 25 plots the mo del's predictions to the results of a set of con trast masking

exp erimen ts. The �lled circles represen t exp erimen tal measuremen ts obtained b y

F oley and Bo yn ton [F ol94, FB94]; the solid lines represen t the mo del's predictions.

During the exp erimen t, the h uman sub ject w as presen ted t w o spatial patterns, one

follo w ed b y the other. One of the patterns w as a full-�eld sin usoidal grating; the other

w as a small (orien ted) Gab or pattern sup erimp osed on a similar full-�eld sin usoidal

grating. The order of presen tation w as randomized and the con trast (or equiv alen tly ,

the amplitude) of the Gab or patc h w as v aried. The ob ject of the exp erimen t w as

to determine the detection threshold (minim um con trast) of the Gab or patc h for it

to b e discernable. Eac h graph in the �gure plots the detection thresholds of the

Gab or patc h for sin usoidal gratings of di�eren t con trasts. The di�eren t graphs in the

�gure corresp ond to di�eren t relativ e orien tations b et w een the Gab or pattern and the

sin usoidal grating.

Figure 26 demonstrates the predictions of the mo del on a real image. The original

image of Einstein w as distorted in t w o w a ys, one of whic h pro duced more visible
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Figure 26: (T op) Original Einstein image. (Middle-left) Image w as distorted so as to

minim ize p erceptual distortion (RMSE = 9.01, p eak-SNR = 29.04 dB). (Middle-righ t)

Image w as distorted so as to maximi ze p erceptual distortion (RMSE = 8.50, p eak-

SNR = 29.54 dB). While the left image lo oks generally less distorted than the righ t

image, it has a larger ro ot mean squared error. (Bottom-left) P erceptual distortion

measured from the minimall y distorted image. Dark er regions corresp ond to areas

of lo w er p erceptual distortion while brigh ter regions indicate areas of greater p ercep-

tual distortion. (Bottom-righ t) P erceptual distortion measured from the maximall y

distorted image.
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errors than the other. The ro ot mean squared error (RMSE) b et w een the more

visibly distorted image and the original image is less than the RMSE b et w een the

less visibly distorted image and the original. This demonstrates that RMSE is a p o or

measure of p erceptual distortion. The mo del's predictions are sho wn b elo w eac h of

the distorted images in Figure 26. Brigh ter regions in the mo del's output corresp ond

to areas that ha v e more visible distortions; dark er regions corresp ond to areas with

less noticeable distortions. The mo del accurately predicts regions of the image where

the errors are more noticeable, for example, the region around the tie or the v ertical

structure in the bac kground at the b ottom-left of the image. In the image where the

artifacts are less visible, the orien tation of the artifacts are similar to the orien tation

of the signal (the lo cal image con ten t); th us, the artifacts are mask ed more e�ectiv ely

b y the signal. In the more visibly distorted image, on the other hand, the orien tation

of the artifacts is v ery di�eren t from the orien tation of the signal; th us, masking is

less e�ectiv e and the artifacts are more visible. The visibilit y of these artifacts is

w ell predicted b y the mo del b ecause of its con trast normalization comp onen t whic h

accoun ts for con trast masking.

6.2 Optimal Filters for Motion Estimation

Gradien t based motion estimation tec hniques compute the lo cal optical 
o w from the

outputs of a set of �lters. The brigh tness constancy assumption b et w een t w o images,

I

2

( x ) = I

1

( x + � ), pro vides the constrain t equation b et w een the �lter outputs, whic h

is giv en b elo w for the one-dimensional case:

h h; I

2

i = h h; I

1

i + � h g ; I

1

i + O ( �

2

) (18)

where h is t ypically a pre-�lter that smo othes the images and g is a �lter that measures

the �rst deriv ativ e of the image. The parameter � measures the amoun t of translation

b et w een the t w o images I

1

and I

2

. The ab o v e equation w as obtained b y computing

the T a ylor expansion of I

1

with resp ect to � k eeping only terms up to �rst order.

Simoncelli [Sim94 ] and others ha v e advised that the �lters h and g should b e w ell-

matc hed; that is, the �lter g should b e the �rst deriv ativ e of the �lter h . F or digital
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Figure 27: Con tin uous pro�les h ( x ) ; g

1

( x ) ; g

2

( x ) of the optimal set of 5-tap �lters

suc h that g

1

( x ) =

@

@ x

h ( x ) and g

2

( x ) = x

@

@ x

h ( x ). The con tin uous pro�les are created

b y in terp olating the digital �lters using a narro w Gaussian in terp olan t. The optimal

digital �lters are h = (0.0167, 0.1847, 0.3738, 0.1847, 0.0167)

T

, g

1

= (0.0602, 0.2675,

0.0000, -0.2675, -0.0602)

T

, and g

2

= (0.2959, 0.3366, -0.4893, 0.3366, 0.2959)

T

.

�lters, this requiremen t is stated with resp ect to some c hoice of in terp olan t.

Since I

2

( x ) = I

1

( x + � ), w e can eliminate references to I

2

and rewrite Equation 18:

h h ( x � � ) ; I

1

( x ) i = h h ( x ) ; I

1

( x ) i � � h ( � g ( x )) ; I

1

( x ) i + O ( �

2

) (19)

where the relationship h h ( x ) ; I

1

( x + � ) i = h h ( x � � ) ; I

1

( x ) i w as used to apply the

translation to the �lter h instead of the image.

1

The double negation in the equation

w as used so that the negativ e translation of h b y � on the left hand side resulted in a

negativ e sign in fron t of � on the righ t hand side. With Equation 18 in this form, it is

clear that the function h is an appro ximately steerable function with basis functions

h and � g and steering functions 1 (the constan t function) and � .

1

In the in�nitesimal case, where the temp oral di�erence b et w een the t w o frames tends to zero,

the equation b ecomes the more famili ar gradien t constrain t for motion. Sp eci�cally , I

t

� � I

x

= 0

where the temp oral deriv ativ e of I , I

t

� h h ( x � � ) ; I ( x ) i � h h ( x ) ; I ( x ) i and the spatial deriv ativ e of

I , I

x

� h g ( x ) ; I ( x ) i .
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Th us, the suggestion that the function g b e the �rst deriv ativ e of h can b e un-

dersto o d in terms of steerable functions, namely that g = L h where L =

@

@ x

is the

in�nitesimal generator for translation. This is a more general requiremen t since it

is applicable to an y transformation group. F or example, if instead of translation,

scaling is to b e measured, then L = x

@

@ x

and g should b e equal to x

@

@ x

h . In the case

of m ulti-paramete r groups, the requiremen t is generalized to in v olv e all the �lters.

F or example, if b oth translation and scaling are to b e measured, then three �lters

h; g

1

; g

2

are needed with the requiremen t that g

1

= L

1

h and g

2

= L

2

h suc h that

L

1

=

@

@ x

is the in�nitesimal generator for translation and L

2

= x

@

@ x

is the in�nitesimal

generator for scaling. Figure 27 plots the con tin uous pro�les of the optimal set of

5-tap Lie deriv ativ e �lters satisfying this relationship (so called b ecause the in�nites-

imal generators of transformation groups are also kno wn as Lie deriv ativ es). These

�lters minimi ze the squared error of the t w o constrain ts ( g

1

= L

1

h and g

2

= L

2

h )

o v er all triples of 5-tap �lters (for a giv en c hoice of in terp olan t); the minim ization

is solv ed b y computing the eigen v ector corresp onding to the smallest eigen v alue of a

particular p ositiv e-de�nite matrix in a sc heme similar to the one prop osed in [Sim94 ]

for ordinary deriv ativ e �lters.

Equation 19 could b e generalized b y relaxing the requiremen t that the steerable

�lter b e one of the basis �lters; that is,

h m ( x + � ) ; I

1

( x ) i = h h ( x ) ; I

1

( x ) i + � h g ( x ) ; I

1

( x ) i + O ( �

2

) (20)

where m; h; g are arbitrary �lters satisfying the ab o v e equation. Allo wing m and h b e

di�eren t �lters implies that the pre-smo othing applied to the t w o images could lik ewise

b e di�eren t. W e can also express the equalit y constrain t as an error functional:

E ( m; h; g ) =

Z

D

� = � D

h m ( x + � ) � h ( x ) � � g ( x ) ; I

1

( x ) i

2

d� : (21)

Th us, the �lters m; h; g minim izi ng this error functional represen t, in a certain sense,

the optimal �rst-order motion estimation �lters o v er the range of translations, � =

� D : : : D .

2

2

First-order refers to the �rst order T a ylor expansion in the equation.
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In practice, sev eral mo di�cations to this error functional is required. Since m =

h = g = 0 satis�es this equation exactly , additional constrain ts on m; h; g are required

to pro duce non-trivial results (e.g., < m; m > = 1). In the energy functional, the �lters

are sp eci�ed as con tin uous functions; in practice, the optimal set of digital �lters

satisfying this equation is sough t instead. As a result, some suitable in terp olan t is

t ypically assumed. Giv en this in terp olan t, it can b e sho wn that the optimal set of

digital �lters, minimi zi ng this mo di�ed energy functional, can b e computed as the

eigen v ector corresp onding to the smallest eigen v alue of a particular p ositiv e-de�nite

matrix.

Unlik e in the minimi zation problem to compute Lie deriv ativ e �lters, the image

I

1

is included in the minimi zation. This allo ws one to design optimal �lters o v er

a collection of images or more practically , o v er images b earing certain prop erties,

for example, a deca ying p o w er sp ectrum with a certain exp onen tial deca y constan t.

Alternativ ely , w e can remo v e the dep endence o v er the c hoice of images b y computing

the inner-pro duct with resp ect to the �rst term: jj m ( x + � ) � h ( x ) � � g ( x ) jj .

Tw o imp ortan t features distinguish this metho d from other metho ds of designing

optimal �lters. First, b y allo wing the �lter m to di�er from the �lter h (that is,

the pre-smo othing �lters applied to the t w o images ma y b e di�eren t), the estimated

motion when there is no motion could b e small but non-zero. Ho w ev er, this relaxation

results in a reduction in error for the larger non-zero translations suc h that the �lters

are optimal in a least-squares sense. Second, and more imp ortan tly , the distribution

of translation could b e explicitly sp eci�ed. Although Equation 21 in tegrates o v er

translations from � = � D to � = D , an y arbitrary distribution of motion could b e

used. Th us, the motion estimation �lters could b e designed to b e optimal with resp ect

to a particular class of motion. F urther details of this tec hnique are elab orated in Elad

et al. [ETHO97] where comparisons with other �lters are describ ed and ev aluation of

the optimal �lters p erformance in estimating optical 
o w are compared with those of

p opular �lters.
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6.3 Steerable Ligh t Sources

In computer graphics, images of a syn thetic scene rendered from a common view-

p oin t are linear with resp ect to the radiance distributions of the ligh t sources. In

other w ords, giv en t w o images of a scene rendered under t w o di�eren t ligh t sources,

an image of the scene illumi nated b y a linear com bination of the t w o b asis light sour c es

is simply a linear com bination of the t w o b asis images . Th us, a complex scene can

b e e�cien tly re-rendered under a c hange of illumination if the radiance distribution

of the new illumi nan t can b e expressed as a linear com bination of the radiance dis-

tributions of the basis ligh t sources. This simple approac h is general as it dep ends

only on the linearit y of the rendering op eration; it is indep enden t of scene complexit y

(geometry and surface re
ectances) and rendering complexit y (shado ws and complex

in ter-re
ections). This approac h w as in tro duced b y Nimero� et al. [NSD94] to re-

render outdo or scenes under illumination c hanges; it has subsequen tly b een used to

e�cien tly re-render in terior scenes [DKNY95 ] and also applied to theatrical ligh ting

design [D A G95].

The linearit y of the rendering op eration with resp ect to the scene's illuminan t

suggests the use of steerable functions to describ e the radiance distribution of the

illuminan t. In this section, w e describ e sev eral extensions to the results of [NSD94].

W e elucidate a design metho dology for: (1) directional sp ot ligh ts whose directions

of fo ci and angular radiance distributions can b e con tin uously v aried, (2) area ligh t

sources whose p ositions and spatial radiance distributions can b e con tin uously v aried,

and (3) ligh t sources that are a com bination of the �rst t w o t yp es (i.e., directional

area ligh ts whose directions of fo ci and p ositions can all b e c hanged). In addition, w e

describ e a general metho d for reducing the n um b er of basis images that is applicable

to an y of the ab o v e cases. Details of the metho d can b e found in [TSH97 ].

An y ligh t source can b e fully describ ed b y the spatial and angular distribution of its

emitted radiance. W e write this function as L ( x ; ! ) where x sp eci�es the p osition and

! sp eci�es the angular direction. F or example, an isotropic p oin t ligh t source cen tered

at lo cation x

0

w ould b e describ ed b y the distribution L

p oin t

( x ; ! ) = � ( x � x

0

) where

� ( x

0

) = 1 when x

0

= 0 and zero otherwise. A parameterized ligh t source is a family
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of ligh t source distributions denoted b y f L ( x ; ! ; p ) g . A parameterized ligh t source is

said to b e steerable in its parameters p if its radiance distribution can b e written as

a linear com bination of a �nite set of basis ligh ts, where the w eigh ts in v olv ed in the

linear com bination are functions solely of the parameter v ector p . Mathematically ,

f L ( x ; ! ; p ) g is steerable if

L ( x ; ! ; p ) =

N

X

i = i

�

i

( p ) L

i

( x ; ! ) (22)

where �

i

are the steering functions and L

i

are the radiance distributions of the ba-

sis ligh ts. In particular, w e will restrict ourselv es to the case where the family of

ligh t source distributions are generated b y a Lie transformation group, in whic h case

L ( x ; ! ; p ) is a steerable function.

Let R denote the linear rendering op erator of a giv en mo del scene from a �xed

viewp oin t. This op erator tak es as input the radiance distribution of the ligh t source

L and pro duces an image I = R ( L ( x ; ! )). Com bining this notation with Equation 22

giv es an expression describing the re-rendering pro cess:

R ( L ( x ; ! ; p )) = R

�

P

N

i =1

�

i

( p ) L

i

( x ; ! )

�

=

P

N

i =1

�

i

( p ) R ( L

i

( x ; ! ))

=

P

N

i =1

�

i

( p ) I

i

(23)

where L

i

( x ; ! ) are the basis ligh ts and I

i

are the basis images. That is, an image of

the mo del scene with the new ligh t source L ( x ; ! ; p ) can b e re-rendered b y linearly

com bining the basis images.

A directional sp ot ligh t is a p oin t ligh t source whose emitted angular radiance dis-

tribution is anisotropic. T ypically , sp ot ligh ts are rotationally symmetri c ab out their

directions of fo ci; th us, their radiance distributions can b e describ ed as: L

sp ot

( x ; ! ; p ) =

� ( x � x

0

) f ( ! � p ) where p is a unit v ector parameterizing the direction of fo cus of

the sp ot ligh t, and x

0

denotes the origin of the sp ot ligh t. In particular, w e use

f ( ! � p ) = (1 + ! � p )

N

in our examples where ( N + 1)

2

basis ligh ts (and corresp ond-

ingly , basis images) are required. f ( ! � p ) can b e expanded as follo ws:

f ( ! � p ) = (1 + ! � p )

N
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= (1 + p

x

!

x

+ p

y

!

y

+ p

z

!

z

)

N

=

N

X

n =0

X

i + j + k = n;

i;j;k � 0 :

�

n

i;j;k

( p )

�

!

i

x

!

j

y

!

k

z

�

where the w eigh ting co e�cien ts are:

�

n

i;j;k

( p ) =

N !

( N � n )!( i )!( j )!( k )!

p

i

x

p

j

y

p

k

z

;

and the functions !

i

x

!

j

y

!

k

z

are the basis functions. The ab o v e expansions seems to

indicate that the total n um b er of basis ligh t sources is

P

N

n =0

P

n

i =0

P

n � i

j =0

1 = ( N +

1)( N + 2)( N + 3) = 6. F ortunately , the actual n um b er of basis ligh ts required is less

b ecause the basis ligh t source distributions !

i

x

!

j

y

!

k

z

are not linearly indep enden t. The

linear dep endence is eviden t when one considers !

x

; !

y

; !

z

as comp onen ts of a unit

v ector, i.e., !

2

x

+ !

2

y

+ !

2

z

� 1. The actual n um b er of basis functions required is only

( N + 1)

2

, the n um b er of spherical harmonics up to degree N .

Instead of the monomial basis ligh t sources !

i

x

!

j

y

!

k

z

, a sampled basis set comprising

the desired sp ot ligh t aimed in di�eren t directions w as used. In particular, unit v ectors

p

i

, for 1 � i � ( N + 1)

2

, distributed on the sphere w ere randomly selected and used to

construct the corresp onding basis ligh ts: L ( x

0

; ! ; p

i

) = (1 + ! � p

i

)

N

. Since eac h new

(directional sp ot) basis ligh t can b e expressed as a linear com bination of the monomial

basis ligh ts, the new sampled basis set can b e used in place of the monomial basis

set.

Figure 28 sho ws images of a mo del scene illuminated b y sp ot ligh ts of degree

N = 5. Observ e that in Figure 28 (a), the re
ection of the white w all in the sphere

is brigh ter then the re
ection of the red w all. This is b ecause the white w all is b eing

illuminated b y the sp ot ligh t; th us, linear re-rendering captures all ra y in teractions.

The radiance distribution of an area ligh t source is a four-dimensional function:

t w o dimensions sp ecify the angular distribution and t w o dimensions sp ecify the spatial

distribution. F or the purp ose of steering o v er p osition, w e assume that the function

is separable in its angular and spatial dimensions: L

area

( x ; ! ; p ) = f

x

( x � p ) f

!

( ! )

where p is no w a t w o-dimensional v ector parameterizing the p osition of the ligh t
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(a) (b) (c)

Figure 28: Images of a scene illuminated b y a directional sp ot ligh t. The angular

radiance distribution of the ligh t source is a �fth degree p olynomial. Eac h of the

images w ere re-rendered b y linearly com bining a set of 12 basis images. The left and

middle images sho w the scene re-rendered with the sp ot ligh t p oin ted in di�eren t

directions. The righ t image sho ws the scene re-rendered with t w o sp ot ligh ts in the

same p osition, but p oin ting in di�eren t directions.

(a) (b) (c)

Figure 29: Images of a c hess piece illuminated b y an area ligh t source. The left image

sho ws the scene re-rendered with the area ligh t source p ositioned to the fron t and left

of the ob ject. The middle image is a re-rendering of the scene with a broader area

ligh t source. The righ t image sho ws the ob ject illuminated b y three primary colored

ligh ts. A total of 20 basis images w ere used to re-render all three images.
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source. F or example, when the area ligh t source is de�ned o v er a plane, x is the t w o-

dimensional co ordinates on the plane, and p parameterizes the origin of the co ordinate

system. Since the function f

!

is not in v olv ed in the steering, it can b e arbitrarily

complex. Figure 29 sho ws a c hess piece illuminated b y an area ligh t source with a

raised-cosine spatial radiance distribution (in eac h dimension). A t w o-dimensional

raised-cosine can b e appro ximated b y its F ourier decomp osition, i.e., b y a linear

com bination of sin usoids and cosin usoids of di�eren t frequencies. Since sin usoids and

cosin usoids are steerable o v er translation, the raised-cosine appro ximation can also

b e steered b y steering its F ourier basis functions.

Figure 30 sho ws an example of steering b oth in p osition and direction. The ligh t

source w as separable in its angular and spatial dimension; the spatial distribution w as

made up of raised cosines, and the angular distribution w as comp osed of p olynomials

of degree N = 3. The basis functions of this ligh t source are the pairwise pro ducts

of the basis functions of the spatial and the angular basis functions. Lik ewise, the

w eigh ting functions are the pairwise pro ducts of the spatial and the angular w eigh ting

functions. Notice that the shado w is unc hanged when the direction of the ligh t is

steered (left and middle images), but the shado w c hanges when the ligh t's p osition is

shifted (righ t image).

The time required to re-render an image is prop ortional to the n um b er of basis

images. Principal comp onen t analysis can b e used to compute a reduced set of basis

images b est appro ximating the original set. Sp eci�cally , the �rst k principal comp o-

nen ts are the b est (in a least-squares sense) k basis images appro ximating the original

basis set. Due to the n um b er of pixels in eac h basis image, it is infeasible to com-

pute the principal comp onen ts using tec hniques lik e the singular v alue decomp osition

directly . Details of ho w to compute the principal comp onen ts of the original set of

basis images are describ ed in [TSH97]. All the images in Figures 28, 29, and 30 w ere

computed with reduced basis sets (that accoun ted for 90% of the total v ariance).

The reduction in the n um b er of basis images is signi�can t. The images in Figure 28

w ere rendered with 12 principal comp onen t basis images instead of the 36 original

basis images. The images in Figure 29 w ere re-rendered with 20 principal comp onen ts

instead of the 81 original basis images. F or Figure 30, there w ere 400 original basis
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images, but only 50 principal comp onen ts w ere used.

The app eal of the linear re-rendering approac h lies in its e�ciency: only linear

com binations of the basis images are required, indep enden t of scene and initial render-

ing complexit y . Unfortunately , re-rendering scenes illuminated b y ligh t sources with

narro w angular or spatial distributions requires a large n um b er of basis images. F or-

tunately , existing ra y-tracing rendering tec hniques are particularly e�cien t for suc h

narro w ligh t sources (and con v ersely , ine�cien t when the radiance distribution of the

ligh t sources are broad). This observ ation suggests a h ybrid sc heme: the original

ligh t source distribution is decomp osed in to the sum of t w o comp onen ts: a smo oth,

steerable comp onen t and a narro w, compactly supp orted second comp onen t. Since

the �rst comp onen t is smo oth, only a small n um b er of basis images are required to

re-render the scene using the linear re-rendering metho d. The con tribution of the sec-

ond comp onen t can b e e�cien tly rendered using ra y-tracing rendering tec hniques for

eac h new ligh t source p osition. The t w o resulting images are then pixelwise summed

together to pro duce the �nal image. This h ybrid approac h w ould b e useful for re-

rendering scenes illuminated b y skyligh t since the distribution of skyligh t comprises

the sum of a widespread slo wly v arying comp onen t and a strong, narro w comp onen t

(the sun). Since the scene illuminated b y the narro w comp onen t of the ligh t source

has to b e rendered using con v en tional tec hniques for eac h new ligh t source p osition,

this metho d cannot b e used for in teractiv e ligh ting design without adequate hardw are

acceleration. Nev ertheless, its e�ciency is lik ely to b e useful in o�-line renderings of

animations in v olving illumination c hanges.

6.4 In v arian ts from Equiv arian t F unction Spaces

Image in v arian ts are quan tities computed from the image that are in v arian t under

certain transformations. F or example, the magnitude of the lo cal image gradien t is a

rotation in v arian t. The magnitude of the lo cal image gradien t measures the presence

of an in tensit y edge in the image and is in v arian t to rotation of that edge; that is, the

magnitude is indep enden t of the orien tation of the in tensit y edge. Image in v arian ts

are useful for feature detection, recognition, and matc hing b ecause they represen t the
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prop erties of an image that are in trinsic and not artifacts of some transformation. A

face recognition algorithm, for instance, should rely on features that are insensitiv e to

mo derate c hanges in p ose and illumination; otherwise, the algorithm will, incorrectly ,

distinguish t w o instances of the same face with di�eren t p ose as b eing di�eren t.

Suc h image in v arian ts can b e computed directly from an image via an in tegral

transform lik e the F ourier transform (for translational in v ariance), the F ourier-Mellin

transform (for rotation and scale in v ariance), or a generalized v ersion of these trans-

forms (for an arbitrary Ab elian t w o-parameter transformation group) [F C88, RSZ91,

SRZ92 ]. Alternativ ely , sp ecial in v arian ts lik e the momen t in v arian ts can b e con-

structed using nonlinear functions of the image momen ts [Hu62, Rei91]; these in v ari-

an ts are t ypically determined b y insp ection, with the exception of [RSV96] where

the authors presen t a metho d of deriving them using the normalization metho d. As

p oin ted out in Section 1.1.3 of Chapter 1, the k ernels of the in tegral transforms and

the p olynomials used to compute image momen ts are steerable functions under their

resp ectiv e transformation groups. Sets of these functions used to compute the v arious

in v arian ts span sp eci�c equiv arian t function spaces. In this section, w e presen t sev-

eral metho ds for constructing in v arian ts from arbitrary equiv arian t function spaces.

W e demonstrate that since these equiv arian t function spaces are �nite-dimensional,

tec hniques for computing in v arian ts o v er p oin ts can b e applied.

W e consider an n -dimensional function space equiv arian t under a giv en transfor-

mation group to b e an n -dimensional e quivariant me asur ement sp ac e . A v ector of n

basis functions �

i

of the function space can b e view ed as a v ector of n measuremen t

k ernels; these k ernels, applied as inner-pro ducts with an image suc h that f

i

= h �

i

; I i ,

measure certain features in the image. F or example, if �

i

corresp ond to the �rst

partial deriv ativ es of a Gaussian, the features f

i

measure the lo cal (regularized) par-

tial deriv ativ es of the image. Since the function space is equiv arian t, the features

of a transformed image can b e computed in terms of the original v ector of features.

Mathematically , w e write

^

f = A ( � ) f (24)

where f is an n -dimensional v ector ( f

1

; : : : ; f

n

)

T

represen ting the original feature
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set and

^

f denote the feature v ector of the transformed image. The v ector � de-

scrib es the k -parameter transformation group and A ( � ) is the n � n in terp olation

matrix of the measuremen t k ernels. Again, if f = ( f

x

; f

y

) measure the �rst partial

deriv ativ es of the image (at the origin) and the image undergo es rotation, the trans-

formed feature set

^

f = (

^

f

x

;

^

f

y

) is related to the original b y a 2 � 2 rotation matrix

A ( � ) =

0

@

cos( � ) sin( � )

� sin( � ) cos( � )

1

A

. Equation 24 can easily b e deriv ed from the in terp o-

lation equation of the measuremen t k ernels. Th us, the v ector space of features is

also closed with resp ect to the same group of transformations; that is, the features

corresp onding to the transformed image can b e computed from the features deriv ed

from the original image. W e refer to the feature space as an e quivariant fe atur e sp ac e .

Eac h p oin t f in an n -dimensional equiv arian t feature space represen ts a v ector of

n measuremen ts, whic h are the inner-pro ducts of the n measuremen t k ernels with a

particular image. T ransforming the image under a k -parameter group traces out a

k -dimensional manifold from the original p oin t, and is kno wn as the orbit of f . This

manifold is describ ed parametrically b y the in terp olation equation, and is constructed

b y applying the in terp olation matrix A ( � ) to the original p oin t f for all v alues of � .

In the case of one-parameter groups, the orbits are one-dimensional space curv es in

an n -dimensional space.

With the equiv arian t feature space consisting of the �rst order partial deriv ativ es

of the image in the x - and y -directions, the original 2-v ector of measuremen ts traces

out a circular orbit as the image b eing measured is rotated. That is, rotating the

image causes the feature v ector f to rotate in feature space as w ell. This is true

since the transformed feature v ector

^

f is computed b y pre-m ultiplyi ng the original

feature v ector f b y a 2 � 2 rotation matrix A ( � ). Th us, the orbit or the set of

feature v ectors measured from all rotated v ersions of a single image is a circle in

feature space. Figure 31 plots these orbits, whic h ha v e b een computed b y setting

h ( f

1

; f

2

) = f

2

1

+ f

2

2

to di�eren t v alues. Eac h circle represen ts the orbit corresp onding

to the feature v ectors of a p ossibly di�eren t family of rotated images. Tw o rotated

v ersions of the same image will ha v e feature v ectors residing on the same circle; on

the other hand, t w o feature v ectors on the same circle ma y not corresp ond to rotated
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(a) (b) (c)

Figure 30: Images of a single p olygon illuminated b y an area ligh t source that has

an anisotropic angular distribution. The left image sho ws a re-rendering with the

ligh t source p oin ting do wn w ards, and p ositioned to the rear and left of the ob ject.

The middle image sho ws a re-rendering with the ligh t source in the same p osition as

b efore but p oin ting in a di�eren t direction. The righ t image is a re-rendering with

the ligh t source cen tered at a di�eren t p osition. A total of 50 basis images w ere used

to re-render all three images. These basis images w ere computed using the singular

v alue decomp osition; the actual n um b er of basis images required w as 400.

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

f1

f2

Invariant curves (h=[0.05:0.1:1.5])

Figure 31: Orbits of a t w o-dimensional function space equiv arian t under a one-

parameter transformation group. Eac h curv e (circle) is an orbit represen ting some

�xed v alue of the in v arian t h ( f

1

; f

2

) = f

2

1

+ f

2

2

.
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v ersions of the same image. More imp ortan tly , ho w ev er, t w o feature v ectors not on

the same circle, th us ha ving di�eren t v alues for the in v arian t h , are necessarily not

computed from rotated v ersions of the same image. Th us, the discriminativ e p o w er

of this in v arian t is one-dimensional.

In general, an n -dimensional equiv arian t feature space under a k -parameter trans-

formation group p ossesses k -dimensional orbits and admits n � k in v arian ts. Th us, the

dimension of the equiv arian t feature space n m ust b e strictly larger than the n um b er

of parameters describing the transformation group for the feature space to p ossess

an y in v arian ts. Figure 32 plots the orbits of a di�eren t three-dimensional feature

space equiv arian t under a one-parameter group; th us, its orbits are one-dimensional

and it con tains a t w o-dimensional family of in v arian ts.

Since t w o feature v ectors deriv ed from transformed v ersions of the same image

m ust reside on the same k -dimensional orbit manifold, functions of features that

are constan t o v er eac h orbit are in v arian t under the transformation. F ormally , an

in v arian t is a function h suc h that h (

^

f ) = h ( f ) = const for an y t w o v ectors

^

f and f

suc h that

^

f is the feature v ector measured from the transformed image. In general,

deriving functions that are in v arian t o v er arbitrary families of manifolds is di�cult.

Ho w ev er, the orbit manifolds in an equiv arian t feature space are far from arbitrary .

This is b ecause they are describ ed b y the matrix A ( � ), and the matrix A ( � ) is a k -

parameter subgroup of the general linear group of in v ertible matrices. As a result, w e

can emplo y a theorem from Lie theory that states that a function is in v arian t under

a transformation group if and only if applying an y of the in�nitesimal generators of

the group to it results in zero iden tically [OST96 ]. In our case, this implies that a

function h (

^

f ) = h ( e

�

k

B

k

� � � e

�

1

B

1

f ) is in v arian t if and only if

L

i

h (

^

f ) = B

i

^

f � r h = 0 (25)

for 1 � i � k and r h = (

@ h

@ f

1

; � � � ;

@ h

@ f

n

)

T

. L

i

is an in�nitesimal generator of the

transformation group, and the matrix B

i

is the corresp onding in�nitesimal generator

of the in terp olation matrix A ( � ). Solving Equation 25 amoun ts to solving a system

of homogeneous, �rst order partial di�eren tial equations. A go o d review of di�eren t

tec hniques to solv e suc h equations can b e found in [MPGO95].
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The next t w o examples illustrate ho w in v arian ts can b e deriv ed for di�eren t

equiv arian t feature spaces using Equation 25. First, the in�nitesimal generator L

and the matrix B from the corresp onding equiv arian t measuremen t space are iden ti-

�ed. Second, the partial di�eren tial equation with L and B substituted is solv ed for

h , whic h is in v arian t to the giv en transformation.

Example 16 : Let �( x ) = (cos k x; sin k x )

T

b e a measuremen t space that is equiv ari-

an t under translation suc h that L � =

@

@ x

� = B � where

B =

0

@

0 � k

k 0

1

A

:

The same matrix B also holds for our previous example of �rst order partial deriv a-

tiv es. By Equation 25, a function h (

^

f

1

;

^

f

2

) is in v arian t under translation if and only

if

B

^

f � r h = � k

^

f

2

@ h

@

^

f

1

+ k

^

f

1

@ h

@

^

f

2

= 0 :

Solving the ab o v e equation, w e get h (

^

f

1

;

^

f

2

) = h

?

(

^

f

2

1

+

^

f

2

2

) for an y function h

?

, in

particular for the iden tit y function as plotted in Figure 31. Hence, w e ha v e v eri�ed

that the sum of squares of the inner-pro duct of an y pair of the F ourier basis functions

with a signal is in v arian t under translation, and lik ewise that the magnitude of the

gradien t is in v arian t under rotation.

Example 17 : Consider the measuremen t space �( x ) = (

x

2

2!

; x; 1)

T

that is equiv ari-

an t under translation suc h that L � =

@

@ x

� = B � where

B =

0

B

B

B

@

0 1 0

0 0 1

0 0 0

1

C

C

C

A

and

^

f =

0

B

B

B

@

^

f

1

^

f

2

^

f

3

1

C

C

C

A

=

0

B

B

B

@

1 �

�

2

2!

0 1 �

0 0 1

1

C

C

C

A

f = A ( � ) f :

By Equation 25, a function h (

^

f

1

;

^

f

2

;

^

f

3

) is in v arian t under translation if and only if

B

^

f � r h =

^

f

2

@ h

@

^

f

1

+

^

f

3

@ h

@

^

f

2

= 0 :
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Since the orbits are one dimensional manifolds in a three dimensional space, there

exists t w o indep enden t solutions to this equation. These are the functions: h

1

(

^

f ) =

^

f

3

and h

2

(

^

f ) =

^

f

1

�

1

2

^

f

2

2

^

f

3

. Actually , an y function h

?

( h

1

; h

2

) is in v arian t with resp ect to

translation. It is straigh tforw ard to v erify that h

2

is an in v arian t:

^

f

1

�

1

2

^

f

2

2

^

f

3

= f

1

+ � f

2

+

�

2

2!

f

3

�

1

2

( f

2

+ � f

3

)

2

f

3

= f

1

+ � f

2

+

�

2

2!

f

3

�

1

2

(

f

2

2

f

3

+ �

2

f

3

+ 2 � f

2

)

= f

1

�

1

2

f

2

2

f

3

:

The t w o in v arian ts h

1

; h

2

are plotted in Figure 32.

Another approac h to constructing in v arian ts in an equiv arian t feature space is b y

deriving implici t represen tations of the feature orbits. The in terp olation equation

^

f = A ( � ) f can b e seen as a p ar ametric description of the orbit manifold. An

implicit represen tation of this manifold is a description of the manifold that is inde-

p enden t of the parameters � and is represen ted b y a set of indep enden t functions

f h

i

(

^

f ) = 0 g ; 1 � i � n � k whose algebraic v ariet y (the function space spanned b y

functions that are p olynomial com binations of h

k

) coincides with the manifold itself.

In particular, h

i

(

^

f ) = h

i

( f ) for eac h function in the set and for an y function in

the v ariet y . Th us, functions in the v ariet y are in v arian t under an y transformation in

the group. F urthermore, an y function h

?

( h

1

(

^

f ) ; : : : ; h

2

(

^

f )) is constan t o v er the orbit

manifold and therefore also in v arian t.

Constructing implicit represen tations from parametric represen tations is the w ell-

studied sub ject of elimination theory from whic h one can �nd man y tec hniques

(see [W G95a, W G95b ] for a short review). One particular general tec hnique for

impliciti zi ng parametric descriptions consisting of m ultiv ariate p olynomials is the

metho d of Gro ebner bases [CLO92 ]. This metho d is a generalization of Gaussian

elimination of a linear system of equations. Gaussian elimination can b e view ed as a

systematic pro cess of eliminating the free v ariables in the system of equations; when

all but one of the v ariables ha v e b een eliminated, this trivial equation is solv ed and

use to solv e the other equations (bac k-substitution). The metho d of Gro ebner bases

is a tec hnique of elimination generalized to w ork with m ultiv ariate p olynomials. Us-

ing this tec hnique for implici tizati on amoun ts to eliminating the parameters � from
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the in terp olation equation; the resulting equations will only dep end on

^

f and f . The

use of Gro ebner bases to generate in v arian ts in computer vision w as also recen tly

suggested in [WS95].

Numerous tec hniques for computing in v arian ts from features lik e p oin ts and deriv-

ativ es ha v e b een prop osed b y researc hers in the past [Me92]. Man y of these tec hniques

can b e readily applied to constructing in v arian ts on equiv arian t feature spaces since

these spaces are �nite-dimensional. The metho d used in the �rst t w o examples ab o v e

is similar to the one used b y Mo ons et al. [MPGO95 ] to construct in v arian ts on

p oin ts and deriv ativ es. Another simple metho d of constructing p olynomial in v arian ts

w as recen tly prop osed b y Keren [Ker94] in whic h instead of seeking to determine all

p ossible in v arian ts, the author describ es a pro cedure for sym b olically deriving p oly-

nomial in v arian ts of a giv en p olynomial order. The metho d can also b e emplo y ed

in this con text to deriv e p olynomial in v arian ts o v er feature v ectors

^

f (or ev en o v er

prolongations, i.e. m ultiple feature v ectors).

In v arian t F eature Detection. In v arian t feature or pattern detectors are used to

iden tify sp eci�c patterns lik e edges and corners in an image indep enden t of some

family of transformations. F or example, detecting an image template of a corner

in a larger image, indep enden t of the orien tation of the template (i.e. rotation-

indep enden t). Within this framew ork, in v arian t feature detectors are computed in a

sequence of stages:

1. A set of equiv arian t measuremen t functions is c hosen suc h that they can repre-

sen t faithfully the image template via linear com binations. These equiv arian t

measuremen t functions are then orthogonalized. The co e�cien ts of the image

template is then computed b y pro jecting the image template on to eac h of these

orthogonalized measuremen t functions.

2. A set of p ossible in v arian t functions based on the outputs of the orthogonal-

ized measuremen t functions are deriv ed using the tec hniques discussed in this

section. These functions yield an in v arian t feature descriptor when computed

using the pro jection co e�cien ts of the image template.
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3. Eac h o v erlapping region of the larger image, the size of the image template, is

pro jected on to the equiv arian t measuremen t functions in turn to compute its

pro jection co e�cien ts. These pro jection co e�cien ts are then used to compute

the in v arian t feature descriptor of that region of the image.

4. The in v arian t feature descriptor of eac h region in the image is compared to the

in v arian t feature descriptor of the image template to ascertain the presence of

the image template at that lo cation.

Generating in v arian t pattern detectors in this manner has the adv an tage that

one �rst constructs equiv arian t measuremen t spaces pthat are ric h enough to fully

c haracterize a giv en pattern. This is done prior to the construction of the in v arian ts.

Since the dimension of the feature space is �nite and often relativ ely small, w e can

then easily compute all the in v arian ts asso ciated with the giv en equiv arian t feature

space.

6.5 Equiv ariance of P oin ts and Lines

Throughout this thesis, steerable functions ha v e b een discussed with reference to

con tin uous functions. In particular, steerable �lters ha v e b een applied to images,

whic h are mathematically represen ted as con tin uous functions. The mathematical

framew ork and its application to motion estimation and in v arian t feature detection

can b e applied to p oin ts and lines in a straigh tforw ard manner b y represen ting the

p oin ts and lines b y a sum of delta functions. F or example, a set of N p oin ts f ( x

i

; y

i

) g

can b e written as an image: s ( x; y ) =

P

N

i =1

� ( x � x

i

; y � y

i

). As a result, taking the

inner-pro duct of a set of basis �lters with this image yields

h �( x; y ) ; s ( x; y ) i =

Z Z

�( x; y )

N

X

i =1

� ( x � x

i

; y � y

i

) dxdy =

N

X

i =1

�( x

i

; y

i

) : (26)

The last equalit y follo ws from the de�nition of the delta function. In a similar w a y ,

steerable �lters can also b e applied to lines (curv es); ho w ev er, prop er atten tion has

to b e giv en when de�ning the in tegral o v er curv es. A uni�ed w a y to understand this
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treatmen t of p oin ts and lines is as distributions; therefore, the steerabilit y of p oin ts

and lines is a sp ecial case of the steerabilit y of distributions.

Since equiv arian t feature spaces can b e constructed o v er a set of p oin ts or lines,

all the metho ds describ ed in Section 6.4 on constructing in v arian ts in equiv arian t

feature spaces can also b e used to deriv e in v arian ts o v er the set of p oin ts or lines. The

imp ortan t di�erence b et w een this metho d of constructing p oin t (or line) in v arian ts is

that corresp ondence is not required; that is, the in v arian ts deriv ed using this metho d

are indep enden t of the ordering of the set of p oin ts or lines. This is clearly desirable

as corresp ondence is often di�cult to obtain. W e note, ho w ev er, that this is not the

most general w a y of constructing p oin t in v arian ts that do not require corresp ondence.

A more general tec hnique in v olv es constructing an equiv arian t function space o v er

the �nite group of p erm utations (p erm utations of the p oin ts or lines). Preliminary

in v estigation of this idea can b e found in [LM94 ] where the authors describ e p oin t

in v arian ts based on the cross-ratio that are p erm utation-in v arian t.
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Figure 32: Orbits of a three-dimensional function space equiv arian t under a one-

parameter transformation group. The space of in v arian ts is t w o-dimensional. Eac h

one-dimensional space curv e is an orbit represen ting some pair of �xed v alues of the

in v arian ts h
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1

; f
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3

and h

2

( f

1

; f

2

; f

3

) = f 1 f 3 �

1

2

f

2

2

. Eac h curv e in (a) is

sp eci�ed b y h

1

2 [ � 1 ; 1] and h

2

= 0 : 5. Eac h curv e in (b) is sp eci�ed b y h 1 = 0 : 5 and

h 2 2 [ � 1 ; 1].



Chapter 7

Conclusions

Steerable functions w ere �rst in tro duced to the image pro cessing, computer vision,

and computer graphics comm unitie s in the form of steerable �lters, a class of linear

�lters whose k ernels are comp osed of steerable functions. The ob vious adv an tages that

steerable �lters pro vide in image analysis o v er traditional �lters are computational

e�ciency and n umerical accuracy , the latter b ecause steerabilit y is fundamen tally

an analytic prop ert y . In this thesis, it w as sho wn that the steerabilit y prop ert y

is more general and far more useful than w as describ ed in its original application.

This thesis generalized the steerabilit y prop ert y to b e a prop ert y asso ciated, not

with sp eci�c classes of transformations, but with an y smo oth transformation group.

Smo oth transformation groups are common in image pro cessing and computer vision

as they include the groups of 2D and 3D translation, rotation, a�ne, and pro jectiv e

transformations. This generalization allo w ed the p o w erful tec hniques of Lie group

theory to b e emplo y ed in analyzing the steerabilit y prop ert y , and led to a form ulation

of a mathematical framew ork in whic h theoretical questions ab out steerable functions

with resp ect to an y smo oth transformation group could b e examined abstractly . This

framew ork also resulted in a classi�cation of all one-parameter and m ulti-parame ter

steerable functions, and a recip e for constructing and v erifying steerable functions.

The design of a suitable set of basis functions giv en an y arbitrary steerable function

is one of the main problems concerning steerable functions. T o this end, t w o v ery

di�eren t algorithms w ere dev elop ed within the framew ork. The �rst algorithm is

120
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a sym b olic metho d that can b e implem en ted in an y sym b olic pac k age. T ypically ,

the basis functions of a steerable function are deriv ed b y insp ection; this algorithm

deriv es the minim al set of basis functions automatically giv en an arbitrary steerable

function. The second algorithm addresses t w o practical considerations: appro ximate

steerabilit y and lo cal steerabilit y . In practice, functions that need to b e steered migh t

not b e steerable with a �nite n um b er of basis functions. Moreo v er, it is often the case

that only a small subset of transformations within the group of transformations needs

to b e considered. In resp onse to these t w o concerns, the second algorithm computes

the optimal set of k basis functions to steer an arbitrary function under a subset of

the group of transformations.

As alluded to earlier, the usefulness of the steerabilit y prop ert y extends b ey ond

steerable �lters. By distinguishing, b ey ond the application, the prop ert y that mak es

steerable �lters so attractiv e, this thesis iden ti�ed n umerous applications in image

pro cessing, computer vision, and computer graphics that either explicitly or implicitl y

tak es adv an tage of the prop ert y of steerabilit y . In particular, it presen ted �v e new

applications that could b ene�t from the use of steerable functions: (1) con tin uum

appro ximation in vision mo deling (a metho d of appro ximating an in�nite n um b er of

in teracting mec hanism s in a mo del), (2) the design of optimal steerable �lters for

gradien t-based motion estimation, (3) e�cien t linear re-rendering of syn thetic scenes

under c hanges in illumination, (4) the construction of in v arian ts from steerable �lters,

and (5) the application of steerable functions to discrete sets of p oin ts and lines.

The wide applicabilit y of the prop ert y of steerabilit y implies that the mathemat-

ical framew ork prop osed in this thesis pro vides a common language with whic h to

discuss the problems in these di�eren t �elds. In particular, the problems in v olv ed

with designing steerable �lters, designing motion estimation �lters, and constructing

in v arian t feature detectors all ha v e at their core the notion of steerabilit y . These

problems ha v e traditionally b een pursued separately; their join t exploration, within

the con text of steerabilit y , op ens up in teresting p ossibilities. F or example, the design

of accurate motion estimation �lters t ypically in v olv es the design of accurate deriv a-

tiv e �lters, without regard to the fact that the in tended use of these �lters is motion

estimation and not deriv ativ e estimation. In con trast, the design of optimal steerable
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�lters has b een the fo cus of n umerous b o dies of researc h (and is also dealt with in

this thesis). Recen t researc h, presen ted partially in this thesis, has b egun to emplo y

the tec hniques used to compute optimal steerable �lters, to compute optimal �lters

for motion estimation.

The close connection b et w een constructing in v arian t feature detectors and design-

ing accurate motion estimation �lters also suggests the p ossibilit y of designing motion

estimation �lters that are sim ultaneously in v arian t to other transformations. One use-

ful application of this is the design of optical 
o w (translational) �lters that are also

in v arian t to rotation and/or scaling. The tec hniques for designing least-squares op-

timal steerable functions could also b e used to design in v arian t motion estimation

�lters suc h that their in v ariance and motion estimation accuracy are least-squares

optimal within a giv en desired op erating range.

In the construction of in v arian t feature detectors, one deals with the issues of

completeness and in v ariance of the underlying represen tation. T rivial represen tations

that are completely in v arian t can easily b e constructed but pro vide little discrimi-

nativ e p o w er; i.e., all the features to b e di�eren tiated are indistinguishable within

the represen tation. F or example, a �lter with a k ernel that is iden tically zero is p er-

fectly in v arian t but is completely useless. The connection b et w een steerable �lters

and in v arian t features suggests a strategy whereb y a suitable suite of steerable �lters

are �rst designed suc h that they pro vide an adequate represen tation for the di�eren t

features, follo wing whic h in v arian ts based on the outputs of these steerable �lters are

deriv ed. These in v arian ts do not ha v e to hold o v er the en tire group of transformations

but can b e lo cal since the steerabilit y prop ert y of the �lters could b e lo cal. Unlik e

di�eren tial in v arian ts whic h are also lo cal ab out some op erating p oin t, these in v ari-

an ts are lo cal within some op erating range, with resp ect to some optimalit y criterion

lik e the a v erage least-squares error.

Tw o imp ortan t and p ossibly promising areas of researc h is the application of

steerabilit y to sets of p oin ts and lines, and the issue of robustness. Although the

prop ert y of steerabilit y has b een discussed in this thesis with regards to con tin uous

functions, it is also applicable to discrete sets of p oin ts and lines. This implies a

p ossible asso ciation b et w een steerabilit y and traditional problems of recognition and
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p ose estimation from sets of p oin t and line features. This asso ciation is imp ortan t

as it could suggest no v el algorithms in b oth areas, for example, the p ossibilit y of

least-squares optimal lo cal algorithms in recognition and the use of alignmen t or

geometric-hashing tec hniques in dev eloping motion estimation �lters and in v arian t

features. The issue of robustness is of practical imp ortance particularly in the area

of motion estimation and in v arian t feature detection. While the sensitivit y of the

outputs of steerable �lters with resp ect to the transformation group for whic h they

w ere designed can b e accoun ted, their sensitivit y in unexp ected situations is unclear.

F or example, it is not kno wn the amoun t of error that w ould b e in tro duced in the

output of a motion estimation steerable �lter in the presence of m ultiple motions (at

a depth discon tin uit y , for example). Similarly , the robustness of an in v arian t feature

detector undergoing some other transformation than it w as designed for is unclear.

In conclusion, the mathematical framew ork presen ted in this thesis pro vides b oth

an analytical framew ork with whic h to understand the prop ert y of steerabilit y as w ell

as a common framew ork to discuss problems in di�eren t areas that are connected b y

their common assumption of steerabilit y . With regards to the former, it is demon-

strated that Lie group theory is the appropriate mathematical to ol for understanding

the prop erties of functions that are steerable under smo oth transformation groups.

This p osition is supp orted b y the fact that all existing analytical approac hes to steer-

abilit y can b e consisten tly explained within the framew ork. A common framew ork

with whic h to in v estigate problems from di�eren t areas, namely steerable �lter design,

motion estimation and in v arian t feature detection, facilitates the transfer of results

b et w een these di�eren t areas more readily and op ens up n umerous p ossibilities for

the in tegration of the v arious tec hniques.
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