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Design of Multi-Parameter Steerable FunctionsUsing Cascade Basis ReductionPatrick C. Teoy and Yacov Hel-OrzyDepartment of Computer Science zNASA Ames Research CenterStanford University, Stanford, CA 94305 Mo�ett Field, CA 94035teo@white.Stanford.EDU toky@white.Stanford.EDUAbstractA new cascade basis reduction method of computing the optimal least-squares setof basis functions steering a given function is presented. The method combines theLie group-theoretic and the singular value decomposition approaches in such a waythat their respective strengths complement each other. Since the Lie group-theoreticapproach is used, the set of basis and steering functions computed can be expressedanalytically. Because the singular value decomposition method is used, this set ofbasis and steering functions is optimal in the least-squares sense. Furthermore, thecomputational complexity in designing basis functions for transformation groups withlarge numbers of parameters is signi�cantly reduced. The e�ciency of the cascade basisreduction method is demonstrated by designing a set of basis functions that steers aGabor function under the four-parameter linear transformation group.



1 IntroductionA function is called steerable if transformed versions of this function can always be expressedas linear combinations of a �xed set of basis functions. These functions have been used widelyin image processing [2, 13, 12, 11, 7], computer vision [4, 8, 15, 6, 1, 14], and recently, evenin computer graphics [3, 10]. One of the main problems in designing steerable functions liesin determining the set of basis functions that is most suited to steer a given function withinthe family of transformations.Existing solutions to this problem fall into two categories: (a) Lie group-theoretic ap-proaches, and (b) techniques involving the singular value decomposition. The latter categoryof techniques, originally proposed by Perona [11], computes the optimal (in a least-squaressense) set of basis functions to steer a given function under an arbitrary (compact) transfor-mation. In practice, the general solution involves computing the singular value decomposition(SVD) of a particular matrix that is made up of transformed replicas of the given function.Each replica represents a particular sample of the transform parameters; the replicas arecomputed so that the sampling over the desired range of transform parameters is su�cientlydense. As a result of this decomposition, the optimal set of n basis functions are then the�rst n left singular vectors corresponding to the n largest singular values. Although e�cientmethods for computing the SVD of a matrix exist, the computational complexity of thisscheme increases exponentially with the number of transform parameters. Hence, using thismethod even for groups of moderate number of parameters, like the four-parameter groupof linear image transformations, tends to be infeasible.With Lie group-theoretic methods, the function to be steered is �rst approximated by alinear combination of a set of basis functions (called equivariant functions [5]) that are knownto be steerable under the same transformation group. The given function is then steered bysteering these basis functions. Although Lie group-theoretic methods are restricted to Lietransformation groups, such a limitation is not too severe as Lie transformation groups in-clude common image transformations such as translation, rotation and non-uniform scaling.The main shortcoming of these group-theoretic approaches, however, is that the steerabilityproperty is enforced globally; that is, the function is designed to be steered by any trans-formation in the group. For non-compact groups (like translation and scaling), these basisfunctions have in�nite support. If the function to be steered has compact-support, then anin�nite number of these non compactly-supported functions are needed to approximate it.In practice, however, it is reasonable to assume that only transformations over somerange of parameters can be expected. The common technique employed to circumvent1



the above problem is to impose the arti�cial condition that the function being steered isperiodic in some sense [13, 9, 5]. For one-parameter groups and multi-parameter groupscomposed of commutative one-parameter subgroups, this condition is not too di�cult toimpose. For arbitrary multi-parameter transformation groups, however, imposing such a pe-riodicity condition may not be as straightforward. Recently, Hel-Or et. al. [5] proposed analternative solution to the problem. The authors observed that if the function being steeredis compactly-supported and steerability is required only over a compact range of transformparameters, then the given function has to be accurately approximated (by the equivariantfunctions) only over a compact domain. This implies that a smaller, �nite number of equiv-ariant functions is often su�cient to approximate the given function. Unlike the previousapproach, this technique does not impose any additional conditions on the function (otherthan it is compactly-supported). For a small range of transform parameters, the number ofbasis functions required is manageable. However, when this range is increased, the numberof basis functions increases quite signi�cantly. Unfortunately, even when this range is small,the number of basis functions needed is still larger than that determined by the singularvalue decomposition approaches (for the same amount of error).In this paper, we present a new method of computing the optimal least-squares set ofbasis functions to steer a given function. The method combines the Lie group-theoretic andthe singular value decomposition approaches in such a way that their respective strengthscomplement each other. The hybrid method comprises two steps. First, the local Lie group-theoretic approach is used to compute the basis functions to steer the given function. Sincethese basis functions (equivariant functions) are already known to be steerable under thegiven transformation group, the computational complexity of this step is independent ofthe number of transform parameters. In the second step, the singular value decompositiontechnique is used to determine the optimal least-squares set of basis functions and therebyreduce the current number of basis functions. The computational complexity of this secondstage is shown to be only dependent on the number of basis functions used in the �rststage. This number is often much smaller than the number of samples required to denselysample the range of transform parameters. Since the original basis functions (and theirsteering functions) are available analytically, an analytic description of the optimal set ofbasis functions (and their steering functions) can also be derived.The rest of the paper is organized as follows. In Section 2, the property of global steer-ability is de�ned and the equivariant functions under di�erent transformation groups areidenti�ed. In Section 3, local steerability is discussed in the context of how it might beachieved with globally steerable equivariant functions. Following that, the basis reduction2



technique employing the singular value decomposition is described in Section 4. In Section 5,an example of steering an odd-phased Gabor �lter under the four-parameter linear transfor-mation group is presented along with a comparison of the hybrid method with the originalsingular value decomposition technique. The paper is concluded in Section 6.2 Global SteerabilityIn this section, we identify the functions spaces that are globally steerable under di�erenttransformation groups. The mathematical machinery of the Lie group-theoretic approach isomitted in this exposition as it is not of central importance. The interested reader is referredto [5] for a derivation of these function spaces. Before describing these function spaces, weformalize the notion of steerability in a global sense with a de�nition.In the following, we adopt an operator notation for a group of transformations G, whereT (g)f refers to the transformation of a function f by a particular deformation g 2 G.In practice, the group G takes on some parameterization. For example, the group of x-translations can be parameterized: Ttx(� )f(x; y) = f(x � �; y).De�nition 1 (Global Steerability) : A function f : Rm 7! R is globally steerableunder a k-parameter Lie transformation group G if any transformation T (g) of f by anyelement g 2 G can be written as a linear combination of a �xed, �nite set of basis functionsfi : Rm 7! R: T (g) f = nXi=1 �i(g) fi: (1)The functions �i are known as the steering functions and depend solely on the transformparameters. We will further assume that n is the minimumnumber of basis functions requiredand these basis functions are linearly independent. Clearly, the set of basis functions requiredto steer a given function is not unique; any (non-singular) linear transformation of the setof basis functions could also be used.If a function f is globally steerable with a set of basis functions fi, then each of the basisfunctions fi are themselves globally steerable with the same basis functions. This is truesince each basis function can be rewritten as a linear combination of transformed replicas off (chosen to be linearly independent). Thus, transforming a basis function is equivalent tolinearly combining the set of transformed replicas of f , which are globally steerable. We willsee, in the next section, that this is not true in the case of local steerability.3



Group Operator EquivariantFunction Spacex-translation Ttx(�) f(x; y) = f(x� �; y) fh(y)xpe�xgx-scaling Tsx(�) f(x; y) = f(e��x; y) fh(y)x�(log x)pgx-projective Tpx(�) f(x; y) = f(x=(1 + �x); y) fh(y)x�pe�=xgy-translation Tty(�) f(x; y) = f(x; y � �) fh(x)ype�ygy-scaling Tsy(�) f(x; y) = f(x; e��y) fh(x)y�(log y)pgy-projective Tpy(�) f(x; y) = f(x; y=(1+ �y)) fh(x)y�pe�=ygRotation Tr(�) f(x; y) = f(x cos� � y sin �; x sin� + y cos �) fh(r)e��gUniform scaling Ts(�) f(x; y) = f(e��x; e��y) fh(�)r�(log r)pgTable 1: Several examples of continuous transformation groups and their equivariant functionspaces. The parameter p is an integer from 0 � p � k while the parameter � is anycomplex exponential. The function h is any arbitrary function. The variables r; � referpolar coordinates. Multi-parameter groups can be constructed by combining several of thesegroups.Since global steerability of the given function f implies global steerability of its basisfunctions fi as well, it is more natural to express global steerability in terms of a functionspace. For example, in terms of the space spanned by the basis functions fi.De�nition 2 (Equivariant Function Space) : An n-dimensional function space F =spanff1; : : : ; fng is equivariant under a k-parameter Lie transformation group G if everyf 2 F is globally steerable with respect to the basis ff1; : : : ; fng.This means that transformed replicas of any function belonging to an equivariant func-tion space are themselves members of the function space. Putting it yet another way, anequivariant function space is a function space that is closed under the transformation group.Table 1 lists the equivariant function spaces under di�erent one-parameter transformationgroups. Multi-parameter groups can be constructed by combining several of these groups.The details can be found in [5].For example, consider the function space F = spanfcos �; sin �g under the one-parametergroup of rotations: T (� )f(�) = f(� � � ). It is easy to verify the following two relations:cos(� � � ) = cos � cos � + sin � sin �;sin(� � � ) = � sin � cos � + cos � sin �:Thus, rotated versions of any basis function can always be expressed as linear combinationsof the basis functions. 4



More generally, steering any function f 2 F , an equivariant function space, can beachieved by steering any basis of F :T (g) f = nXi=1 ci0@ nXj=1�i;j(g)fj1A = BFA(g)cwhere BF = [f1; : : : ; fn] forming the basis of F such that F = spanff1; : : : ; fng, and f isapproximated in F : f = Pni=1 cifi = BFc. The steering functions were collected togetherinto a matrix: A(g) = (�i;j(g)).As a result, any function f is globally steerable under a k-parameter transformationgroup if and only if it belongs to some function space that is also equivariant under thesame transformation group. Thus, steering an arbitrary function f amounts to being ableto represent f in an appropriate equivariant function space. For example, an equivariantfunction space under 2D rotation is the space spanned by fh(r)ei�j�g (in polar coordinates)where �j is a set of arbitrary constants, usually integers. This function space is dense in L2.Therefore, any function could be steered in rotation by �rst representing it in this functionspace.3 Local SteerabilityIn this section, we introduce the concept of local steerability to allow functions to be steeredunder compact subsets of the family of transformations. We also show that a compactly-supported function can be steered locally with a set of equivariant basis functions by ap-proximating it with these basis functions over an appropriate compact domain.De�nition 3 (Local Steerability) : A function f : Rm 7! R is locally steerable undera k-parameter Lie transformation group G if any transformation T (g) of f by any elementg 2 G0 � G can be written as a linear combination of a �xed, �nite set of basis functionsfi : Rm 7! R: T (g) f = nXi=1 �i(g) fi (2)In practice, we will also assume that the region over which g 2 G0 is compact in someparameterization. Also, this subset G0 need not be a subgroup of G. If G0 were a subgroupof G, then the function f would simply be globally steerable under the new subgroup.If a function f is locally steerable with a set of basis functions fi, then arbitrary linearcombinations of fi (or even the basis functions themselves) are not necessarily locally steer-5
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Figure 1: A function (solid line) with a compact support [a; b]. The function is approximated(dotted line) over a wider region [aapp; bapp] outside of which the approximation might be poor.The integration of this approximation is performed over the integration region [aint; bint].Note that if the approximated function is x-translated by �d to d units, the approximationis always acceptable within the integration region.able. Unlike the situation with global steerability, the function f is only steerable within alocal range of parameter space; thus, each basis function fi is only locally steerable withina di�erent, possibly smaller, range of parameter space. Hence, the property of local steer-ability cannot be associated with function spaces but has to be discussed with respect to aparticular function.Local Steerability from Equivariant Function Spaces A compactly-supported func-tion is a function that is non-zero only over some compact region of its domain, and zeroeverywhere else. A non-compact transformation group refers to a group whose parameterspace is non-compact. For example, the group of translations is non-compact since its pa-rameter space is R while the group of rotations whose parameter space is S1 is compact. Forcompactly-supported functions, there are no �nite-dimensional function spaces that can beused to globally steer these functions under a non-compact transformation group. The sim-ple example of steering a raised cosine under translation is illustrative of this point: in orderto steer a raised cosine under translation, an in�nite number of raised cosines are needed.Fortunately, if only local steerability is desired, then a �nite number of functions mightbe su�cient to steer a compactly-supported function. As before, the function to be steeredis �rst approximated using an appropriate equivariant function space. This approximation isthen steered by steering the basis functions spanning the space. Since only local steerabilityis desired, the domain over which the function is approximated need only be a subset of itsactual domain; the size of this subset depends on the range of parameter space over whichlocal steerability is expected. 6



Intuitively, we need to approximate the function over a large enough subset of its domainsuch that all transformed replicas of it will also be adequately approximated. For example,consider the problem of steering a one-dimensional raised cosine under translation. Theraised cosine is compactly-supported over the interval [�1; 1]. The range of translations overwhich it is to be steered is [�1; 1]. Thus, the union of the support of all possible translatedraised cosines is [�2; 2]. We refer to this interval as the integration region as this is the (�xed)interval of integration for a corresponding steerable �lter. Clearly, then, the original raisedcosine needs to be well approximated over this interval [�2; 2]. Unfortunately, approximatingit over this interval is not enough. When the raised cosine is translated to the left by �1, forexample, the interval [2; 3] (the right tail) of the original raised cosine's domain enters theintegration interval. If the original raised cosine is poorly approximated in this region, thenthe interval [1; 2] of this translated raised cosine will be poorly approximated as well. Thesame holds when the raised cosine is translated to the right by 1. Hence, the original raisedcosine needs to be well approximated over the interval [�3; 3]. We refer to this interval asthe approximation region. The integration region is a subset of the approximation region;the compact support of the original function is, in turn, a subset of the integration region.Figure 1 illustrates the approximation and integration regions for a one-dimensional functionsteered under translation.The integration and approximation can also be de�ned mathematically. We assumethat the transformations are smooth and locality of steerability implies steerability within acompact region of parameter space. Let Rf be the compact support of the original functionoutside of which it is zero. The integration region is therefore:Rint = [g2G0 T (g) Rfwhere the union is taken over the compact region of parameter space. The application ofthe group operator to the region Rf produces the corresponding region of the transformedfunction. The approximation region is de�ned in terms of the inverse of the group operator:Rapprox = [g2G0 T (g�1) Rintwhere T (g�1) T (g) = I for all g 2 G. 7



4 Basis Reduction4.1 GeneralIn this section, we describe a method of computing the optimal least-squares set of basisfunctions to locally steer a given function f under a k-parameter transformation group. Theproblem, therefore, is to �nd an ordered set of functions such that the �rst n elements of theset represent the optimal least-squares set of basis functions (of size n) needed to steer f .Perona [11] showed that this problem could be solved numerically by computing thesingular value decomposition (SVD) of a particular matrix F whose column vectors aretransformed replicas of a discretely sampled version of the function f . Thus, each column inF corresponds to a speci�c sample of the parameter space over which the function is to besteered and the each row in F corresponds to a speci�c sample of the function's domain.1The SVD decomposes the matrix F into a product of three matrices:F = 266664 ...T (g1)f... � � � ...T (gs)f... 377775 = UF SF VF T = UF WF (3)where UF TUF = I , VF TV = I, and SF is a diagonal matrix of non-negative singularvalues, in decreasing order of magnitude. It can be shown that since S is in decreasing orderof magnitude, the �rst n columns of UF represents the optimal least-squares set of basisfunctions (of size n) needed to steer f . The �rst n rows of the matrix WF tabulate theweights of the linear combination.The SVD of matrix F could also be computed by �rst computing the eigenvalues and1Actually, Perona also observed that the SVD of F can be more e�ciently computed (and derived analyt-ically, for the case of rotation). His solution essentially involves solving for the eigenvalues and eigenvectorsof F TF , which correspond to the square root of the singular values and the right singular vectors of the SVDof F . In the case of rotation, the matrix F TF is circulant. In fact, each row of the matrix F TF is essentiallya sampled version of the autocorrelation of the original �lter over rotation (and is shift-invariant). Thus,Perona proposes using the discrete Fourier transform to compute the eigenvalues and eigenvectors. Once thesingular values and the right singular vectors have been computed, the left singular vectors can readily becomputed. Perona's analytic solution involves (analytically) deriving the discrete Fourier transform of theautocorrelation of the original �lter and identifying the frequencies in the spectrum with non-zero magni-tudes. The right singular vectors are then the complex exponentials at these frequencies while the singularvalues are the square roots of their corresponding magnitudes. (A discrete spectrum is guaranteed because ofthe compactness of the operator corresponding to F ). In practice, a numerical scheme is used to design thesesteerable �lters. Also, for more general groups, the discrete Fourier transform may not be applicable andan actual singular value decomposition of F TF needs to be performed. Unfortunately, the computationalcomplexity of computing the SVD of F TF grows exponentially with the number of transform parameters.8



eigenvectors of F 2 := F TF : (F TF ) VF2 = VF2 SF2where VF2 are the eigenvectors of F TF and SF2 is a diagonal matrix containing the cor-responding eigenvalues. The eigenvalues of this matrix are non-negative because F TF issymmetric and positive semide�nite. We assume that the eigenvalues in SF2 and theircorresponding eigenvectors in VF2 are sorted in decreasing order of magnitude. SinceF TF = VFSF 2VF T , the singular values and vectors of F are related to the eigenvaluesand eigenvectors of F TF : SF = S 12F2 and VF = VF 2. Knowing SF and VF , the matrixUF can be computed as FVFS#F where S#F is the pseudo-inverse of SF . Assuming that thenumber of domain sampling is sd and the number of parameter sampling is sp, the dimensionof matrix F is sd � sp. If sp < sd, it is computationally more e�cient to compute the SVDof F in this manner as the size of F TF is smaller than the size of F . Conversly, if sd < sp,then a similar method using FF T could be derived. Thus, the computational complexity ofcomputing the SVD of F is upper-bounded by the smaller of the row and column dimensionsof F . For one or two-parameter groups, sd often exceeds sp. Moreover, sp is also manageablysmall. As a result, the SVD of F could be computed from the eigenvalues and eigenvectorsof F TF . However, sp increases exponentially with the number of parameters. For example,with a four parameter group and a discretization of only ten samples per dimension, thenumber of columns would be 104. Computing the eigenvalues and eigenvectors of a squarematrix this size is computationally infeasible.Alternatively, the matrix F could be written as a product of sd�m matrixB and m�spmatrix H such that columns of B are a set of m appropriately chosen, discretely sampled,basis functions (not necessarily orthogonal) and columns in H contains the weights neededto reconstruct each column T (gi)f in F . Typically, if appropriate basis functions are chosen,then m < sd and m < sp. Thus, although the dimensionality of matrix F (sd � sp) is quitelarge, its rank is only m which is much smaller than sd and sp. When the matrix F can bedecomposed into the product of B and H, the SVD of F can be computed economicallyby a sequence of two singular value decompositions, each of which involve computing theeigenvalues and eigenvectors of square matrices of size equal to m. From the decomposition
9



of F , we have F = BH(a)= (UBSBVBT )H= UBH 0(b)= UB (UH0SH0VH0T )= (UBUH0) SH0 VH0T= UF SF VF T :Thus, the SVD of F is such that UF = UBUH0, SF = SH0 and VF = VH0. Two singularvalue decompositions need to be computed: one at (a) involving B and a second at (b)involving H 0. These decompositions could be obtained by computing the eigenvalues andeigenvectors of BTB and HHT respectively. Each of these matrix products are squarematrices of size m. If the basis functions are orthonormal, then BTB = I. Thus, UF =BUH, SF = SH and VF = VH . That is, only the SVD of H needs to be computed.Alternatively, if the steering functions are orthonormal, then HHT = I and only the SVDof B needs to be computed.4.2 From Local Steerability using Equivariant Function SpacesIn the previous section, we saw that the optimal least-squares set of n basis functions to steera function f under any k-parameter transformation group could be e�ciently computed ifan appropriate set of basis functions B were available. These basis functions have to bechosen so that they span the column space of F ; i.e., these basis functions are su�cient tolocally steer the function f within the local parameter space of the k-parameter group.In Section 3, we saw how globally steerable functions could be used to locally steer anyfunction f under the same transformation group. Essentially, the function f is approximatedwith linear combinations of the globally steerable equivariant functions Bglob (within someappropriate domain of approximation). Steering the function f then amounts to steeringthe equivariant functions: T (g) f = BglobA(g) c (4)where c is a vector of weights that approximate f with Bglob, i.e. f = Bglobc. The matrixA(g) is the matrix of steering functions used to steer each equivariant function. Thus,these equivariant functions are suitable candidates for the basis functions of B such thatB = Bglob and H = h (A(g1) c) � � � (A(gs) c) i :10



The columns ofH correspond to a discrete sampling of a local range of the parameter space.Likewise, the rows of B correspond to a discrete sampling of the domain of the globallysteerable basis functions. The SVD of B and H (and thus of F ) are then computed fromthe eigenvalues and eigenvectors of BTB and HHT respectively.Since the globally steerable basis functions and their corresponding steering functionsare, in fact, analytic, the new basis and steering functions computed from the SVD of F canalso be described analytically. To obtain an analytic description of the new basis functions,we need to write them in terms of the globally steerable functions in B. Observe thatB = UBSBVBT and UF = UBUH0. Thus, UF = B(VBS#BUH0). However, each columnof B is simply a sampled version of a basis function. Therefore, the vector of the new basisfunctions (described analytically) is:uF (x; y) = (VBS#BUH0)T b(x; y) (5)where b(x; y) is the vector of the original basis functions (described analytically). Likewise,to obtain an analytic description of the new steering functions WF = SFVF T , we needto write them in terms of the original steering functions in H. Since H 0 = SBVBTH,H 0 = UH0SH0VH0T , and SFVF T = SH0VH0T , we haveWF = SFVF T = (UH0TSBVBT )H.Again, each column of the matrix H is simply a sampled version of the steering function.Therefore, the vector of the new steering functions (described analytically) is:wF (g) = (UH0TSBVBT ) h(g) (6)where h(g) is the vector of the original steering functions (described analytically); i.e., h(g) =A(g) c. Denoting � = UH0SBVBT , we can write the overall analytic steering equation asT (g) f(x; y) = (b(x; y)T�#) (� A(g) c): (7)This equation is essentially the same as Equation 4. To compute the optimal least squaresset of n basis functions, only the �rst n columns of UH0 in � (and correspondingly, in �#)are retained; the rest are set to zero.5 ResultsIn this section, we present some empirical results of the method. First, we compare the resultsof using the new method to design a set of basis functions to steer a narrow Gaussian under11
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i s1(i)0 0.994879433354681 1.316119814403202 0.282975169981343 -0.060923669738394 -0.016025564702875 0.007467104043796 0.000775162828247 -0.000512798416528 -0.000020875921949 0.0000172531064010 0.00000026039311(a) (b)Table 2: Coe�cients of the analytic basis function with the largest singular value and co-e�cients of its corresponding steering function. Table (a) lists the coe�cients of the basisfunction such that B1(x) = P10i=0 b1(i) cos(i�x). Table (b) lists the coe�cients of the steeringfunction such that A1(�x) = P10i=0 s1(i) cos(i��x).The results using the conventional method were identical. Figures 3 (a) and (b) show the cor-responding �rst three basis functions obtained by using the cascade basis reduction methodand the conventional method respectively. Again, the results are identical. Figures 4 (a)and (b) plot the analytically derived �rst basis and steering functions. The asterisks denotethe numerically computed basis and steering functions. The analytically derived functionsinterpolate the numerically computed sample points very well. The analytic basis and steer-ing functions are linear combinations of the original 21 basis and steering functions. Theweights of the linear combinations are listed in Tables 2 (a) and (b) respectively.5.2 Steering a Gabor under General Linear TransformationIn this experiment, a two-dimensional Gabor function (sin(x=�x) exp(�((x=�x)2+(y=�y)2)=2),�x = �y = 0:2) was steered over a range of linear transformations (combinations of rota-tions, independent scalings along each axis, and skew-transformations). The domain wassampled uniformly over [�1; 1] � [�1; 1] with 64 � 64 samples. The linear transformationwas parameterized in a unique way:A = R(�2) Sx(sx) Sy(sy) R(�1)14
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ections. The validity of this parame-terization can be understood in terms of the singular value decomposition of A. The rangeof parameter space over which the Gabor function was steered was: �1; �2 2 [0; 2�) andsx; sy 2 [1; 5=3]. The Legendre polynomials over the interval [�1; 1] � [�1; 1] were used asthe equivariant basis functions to approximate the Gabor function. A total of 231 Legendrepolynomials were used. This set included all tensor products of one-dimensional Legen-dre polynomials whose total degree was less than or equal to 20; i.e., S0�d�20 P dx;y whereP dx;y := fP dxx P dyy jdx + dy = d; dx � 0; dy � 0g.The results of using the cascade basis reduction method to compute the basis functionsare shown in Figures 5, 6 and 7. Figure 5 plots the singular values of the singular valuedecomposition in decreasing order of magnitude. The singular values decrease rather rapidlysuch that a total of 11 basis functions were found to be su�cient to steer the Gabor function.Figure 6 shows the �rst ten of these eleven basis functions. Figure 7 shows replicas of theGabor function steered to various linear transformations. A total of 22; 500 samples ofthe parameter space were used in this experiment. Since the domain was sampled with64 � 64 = 4096 samples, applying the conventional method would have required computingthe SVD of a 4096 � 4096 matrix! The cascade basis reduction method, however, requiredthe calculation of the SVD of two 231 � 231 matrices.15



Figure 6: Ten out of the eleven basis �lters computed to steer the given �lter under any locallinear transformation. The basis �lters are arranged in descending order of the magnitudesof their singular values from left to right and from top to bottom.
(a) (b) (c) (d) (e)Figure 7: Image (a) shows a reconstruction of the original �lter. Image (b) shows a re-construction of the �lter rotated by 60 degrees. Image (c) shows a reconstruction of the�lter scaled along the x-axis. Image (d) shows a reconstruction of the �lter scaled along they-axis. Image (e) shows a reconstruction of the �lter skewed along the x-axis and uniformlyscaled. The skew-transformation was computed as a composition of two rotations and twoindependent scalings along the axes. All of these �lters were reconstructed using 11 basis�lters. 16



6 ConclusionWe have presented a new method of computing the optimal least-squares set of basis functionsto steer any given function under any Lie transformation group. The method combines theLie group-theoretic and singular value decomposition approaches in such a way that theirrespective strengths complement each other. In particular, the computational complexity ofthe singular value decomposition technique in designing basis functions for transformationgroups with large numbers of parameters is signi�cantly reduced. This is achieved by �rstdesigning the basis functions using the Lie group-theoretic approach and then reducing thisset of basis functions. It was shown that the computational complexity of the new methodis equivalent to that of performing two singular value decompositions on square matrices ofsizes equal to the number of basis functions. Since the basis and steering functions derivedusing the Lie group-theoretic approach are analytical, we have also shown that the optimalleast-squares set of basis functions and steering functions can be expressed analytically aslinear combinations of these original basis and steering functions.References[1] D. Fleet. Computation of component image velocity from local phase information.International Journal of Computer Vision, 5(1):77{104, 1990.[2] W. Freeman and E. Adelson. The design and use of steerable �lters. IEEE Trans.Pattern Analysis and Machine Intelligence, 13(9):891{906, 1991.[3] C. Gotsman. Constant-time �ltering by singular value decomposition. Computer Graph-ics Forum, 13(2):153{163, 1994.[4] G. Granlund and H. Knutsson. Signal processing for computer vision. Kluwer AcademicPublishers, Boston, 1995.[5] Y. Hel-Or and P. Teo. A common framework for steerability, motion estimation andinvariant feature detection. Technical Report STAN-CS-TN-96-28, Stanford University,1996.[6] H. Liu, T. Hong, M. Herman, and R. Chellappa. A reliable optical 
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