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Abstract

Recently, we proposed an efficient image segmentation tech-
nigue that anisotropically smoothes the homogeneous pos-
terior probabilitiesbefore independent pixelwise MAP clas-
sificationis carried out [11]. In this paper, we develop the
mathematical theory underlying the technique. \WWe demon-
stratethat prior anisotropi csmoothing of the posterior prob-
abilities yields the MAP solution of a discrete MRF with
a non-interacting, analog discontinuity field. In contrast,
isotropic smoothing of the posterior probabilitiesis equiv-
alent to computing the MAP solution of a single, discrete
MRF using continuous relaxation labeling. Combining a
discontinuity field with a discrete MRT is important as it
allows the disabling of clique potential s across discontinu-
ities. Furthermore, explicit representation of thediscontinu-
ity field suggests new al gorithmsthat i ncor porate properties
like hysteresis and non-maximal suppression.

1. Introduction

In[11], we proposed a new segmentation techniquethat was
applied to segmenting MRI volumes of human cortex. The
technique comprise three steps. First, the posterior proba-
bility of each pixel is computed from its likelihood and a
homogeneous prior; i.e., aprior that reflects the rel ative fre-
guency of each class but isthe same across all pixels. Next,
the posterior probabilitiesfor each class are anisotropically
smoothed (using a 3D-extension of the algorithm suggested
by Perona and Mdik [9]). Findly, each pixe is classi-
fied independently using the MAP rule. Fig. 1 compares
the classification of cortical white matter with and without
the anisotropic smoothing step. The anisotropic smooth-
ing produces classifications that are qualitatively smoother
within regions while preserving detail along region bound-
aries. The intuition behind the method is straightforward.
Anisotropic smoothing of the posterior probabilitiesresults
in piecewise constant posterior probabilitieswhich, in turn,
yield piecewise “ constant” MAP classifications.
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Figure 1: (Top row) Left: Intensity image of MRI data. Mid-
dle: Image of posterior probabilities corresponding to white matter
class. Right: Imageof corresponding MAP classification. Brighter
regionsin the posterior image correspondto areaswith higher prob-
ability. White regions in the classification image correspond to
areas classified as white matter; black regions correspond to areas
classified as CSF. (Bottom row) Left: Image of white matter pos-
terior probabilities after being anisotropically smoothed. Right:
Image of MAP classification computed using smoothed posteriors.

In this paper, we explore the mathematical theory under-
lying the technique. We demonstrate that prior anisotropic
smoothing of the posterior probabilitiesyields the MAP so-
[ution of a discrete MRF with a non-interacting, analog dis-
continuity field. In contrast, isotropic smoothing of the pos-
terior probabilitiesis equivalent to computing the MAP so-
lution of asingle, discrete MRF using continuousrel axation
labeling. Combining a discontinuity field with a discrete
MRF isimportant as it allows the disabling of clique poten-
tials across discontinuities. Furthermore, explicit represen-
tation of the discontinuity field suggests new a gorithmsthat
incorporate hysteresis and non-maximal suppression.

2. lsotropic Smoothing

In this section, we describe the relationship between max-
imum aposterior probability (MAP) estimation of discrete
Markov random fields (MRF) and continuous relaxation la-
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Figure 2: Equivalence between isotropic smoothing of posterior
probabilities, Markov random fields with 2nd order cliques, and
continuous relaxation labeling.

beling (CRL) [10]. This connection was originaly made
by Li et. al. [8]. We review this relationship to intro-
duce the notation that will be used in the rest of the paper
and to point out the similarities between this technique and
isotropic smoothing of posterior probabilities. These rela
tionshipsare depicted in Fig. 2.

We specialize our notation to MRF's defined on image
grids. LetS = {1, ..., n} beaset of siteswhereeachs € S
corresponds to a single pixel in the image. For simplicity,
we assume that each site can take on labels from a common
set £ = {1,... k}. Adjacency relationships between sites
are encoded by N = {N;|i € S} where \; isthe set of
sites neighboring site 7. Cliques are then defined as subsets
of sitesso that any pair of sitesinaclique are neighbors. In
this paper, we will only consider 4-neighbor adjacency for
images (and 8-neighbor adjacency for volumes) and cliques
of sizes no greater than two. By considering each site as a
discreterandom variable f; withaprobability mass function
over £, adiscrete MRF { can be defined over the sites with
a Gibbs probability distribution.

If datad; € disobserved at each sitei, and isdependent
only onitslabel f;, then the posterior probability isitself a
Gibbsdistribution and by the Hammers ey-Clifford theorem,
dso a MRF, albeit a different one [5]: P(f|d) = Z71 x
exp{—FE(f|d)} where

E(f|d) = Z Va(fild:) + Z Va(fi, f5) (D)

i€Cy (i,7)€C2

and V1( f;|d;) is acombination of the single site clique po-
tential and the independent likelihood. The notation (7, )
refers to a pair of sites; thus, the sum is actually a dou-
ble sum. Maximizing the posterior probability P(f|d) is
equivalent to minimizing the energy £ (f|d).

Continuous Relaxation Labeling. The continuous rel ax-
ation labeling approach to solving this problem was intro-
duced by Li et. al. [8]. In CRL, the class (labdl) of each
site i is represented by avector p; = [p;(f;)|f; € £] sub-
ject to the constraints: (1) p;(f;) > Oforal f; € £, and
(2) > f.ec pi(fi) = L. Within this framework, the energy
E(f|d§ to be minimized isrewritten as

E(pld) = > > Vafildpi(fi) + 2

t€Cy fi€l

SN alf e e ().

(i,§)€EC2 (fi,fi)€L2

Notethat when p;( f;) isrestricted to {0, 1}, E(p|d) reverts
to its origina counterpart Z(f|d). Hence, CRL embeds
the actual combinatorial problem into a larger, continuous,
constrained minimization problem.

Theconstrai ned minimization problemistypically solved
by iterating two steps: (1) gradient computation, and (2) nor-
malization and update. The first step decides the direc-
tion that decreases the objective function while the sec-
ond updates the current estimate while ensuring compli-
ance with the constraints. A review of the normaiza-
tion techniques that have been proposed are summarized
in [8]. Ignoring the need for normalization, continuous re-
laxation labeling is similar to traditional gradient descent:

d
i) — i) — RIS where

%pf@ =Valfild)+2 > Y Valfis fi)pj(fi)-
;i (fi) §:(i,j)EC2 fi€EL
(3)

and the superscripts¢,t + 1 denote iteration numbers. The
notation j : (¢, j) refers to a single sum over j such that
(¢,j) are pairs of sites belonging to a clique. Barring
the different normalization techniques could be employed,
Egn. 3isfoundinthe update equationsof variousCRL a go-
rithms[10, 4, 7]. Thereare, however, two differences. First,
inmost CRL problems, thefirst term of Egn. 3isabsent and
thusproper initializationof p isimportant. Wewill a so omit
thisterm in the rest of the paper to emphasize the similarity
with continuousrel axationlabeling. Second, CRL problems
typically involve maximization; thus, V( fi, f;) would rep-
resent consistency as opposed to potential, and the update
equation would add instead of subtract the gradient.

Isotropic Smoothing. A convenient way of visuaizing
the above operation is as isotropic smoothing. Since the
sites represent pixelsin an image, for each class f;, pi(f;)
can be represented by an image (of posterior probabilities)
such that & classes imply & such image planes. Together,
these k planes form a volume of posterior probabilities.
Each step of Egn. 3 then essentialy replaces the current
estimate p!( f;) with aweighted average of the neighboring
assignment probabilitiesp} (f; ). Inother words, thevolume
of posterior probabilitiesis linearly filtered. If the potential
functions Va(f;, f;) favor similar labels, then the weighted
average is essentidly low-pass among sites with common
labels and hi-pass among sites with differing labels.

3. Anisotropic Smoothing

Isotropic smoothing causes significant blurring especially
across region boundaries. A solution to this problem isto
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Figure 3: Equivalence between anisotropic smoothing of poste-
rior probabilities, Markov random fields with discontinuity fields,
and robust continuous relaxation labeling.

smooth adaptively such that smoothing is suspended across
region boundaries and takes place only within region in-
teriors. Anisotropic smoothing is often implemented by
simulating nonlinear partial differential equations with the
image as the initia condition [1, 9]. In this section, we
show that whileisotropic smoothing of posterior probabili-
tiesisthe same as continuousrel axation labeling of aMRF,
anisotropic smoothing of posterior probabilities is equiv-
alent to continuous relaxation labeling of a MRF supple-
mented with a (hidden) analog discontinuity field. We also
demonstrate that this method could aso be understood as
incorporating a robust consensus-taking scheme within the
framework of continuous relaxation labeling. These rela
tionshipsare depicted in Fig. 3.

We extend the original MRF problem to include a non-
interacting, anal og discontinuity field on a displaced | attice.
Thus, the new energy to be minimized is:

1
Z [ﬁvz(fi’fj) i+ (G —1—1ogl; ;)
(i,j)eC2
(4)

where V1 ( f;) has been dropped for smplicity since the dis-
continuity field doesnot interact withit. Theindividual sites
in the discontinuity field 1 are denoted by {; ; which repre-
sent either the horizontal or vertical separation between sites
tand j inS. When [; ; is small, indicating the presence of
a discontinuity, the effect of the potentia Va(f;, f;) is sus-
pended; meanwhile, the energy is penalized by the second
termin Eqn. 4. There are avariety of penalty functionsthat
could be derived from the robust estimation framework (see
Black [2]). The penalty functionin Eqn. 4 was derived from
the Lorentzian robust estimator.

The minimization of E(f,1) is now over both f and
1. Since the discontinuity field is non-interacting, 1 can be
minimized analytically by computing the partial derivatives
of E(f,1) withrespect to/; ; and setting that to zero. Doing
s0 and inserting the result back into £(f, 1) gives us

E(f)= Y Iog[l—l— T;Vz(ﬁ',fj) - (9

(i,5)€C2

Rewriting this equation in aform suitablefor CRL, we get

E(p)= >

1
Pp: log [1-1— 252
(i,5)€C2

(f,,fj)e»cz

(6)
Notethat when p; (f;) isrestricted to {0, 1}, Eqn. 6 reduces
to Egn. 5.

Anisotropic Smoothing. To compute the update equation
for CRL, we take the derivative of E(p) with respect to

pi( fi):

OE(p) .
Opi(f3) j:(i%:ecz

Wi j [Z Vz(fi,fj)pj(fj)] (7)

fiel

where

w;j = 202/ [202+ > Vz(fi,fj)pi(fi)pj(fj)] :
(fi,fi)€L?
(8)

The term w; ; encodes the presence of a discontinuity. |If
w; ; 1S constant, then the above equation reverts to the
isotropic case. Otherwise, w; ; either enables or disables
the penalty function Va( f;, f;). This equation issimilar to
the anisotropic diffusion equation proposed by Perona and
Malik [9].

Robust Continuous Relaxation Labeling. Each itera-
tion of continuous relaxation labeling can be viewed as a
consensus-taking process [12]. Neighboring pixels vote
on the classification of a central pixel based on their cur-
rent assignment probabilitiesp; ( f;), and their votes are tal-
lied using aweighted sum. The weights used are the same
throughout the image; thus, pixels on one side of a region
boundary may erroneously votefor pixelson the other side.
Anisotropic smoothing of the posterior probabilities can be
regarded asimpl ementing arobust voting scheme sincevotes
are tempered by w; ; which estimates the presence of adis-
continuity. The connection between anisotropic diffusion
on continuous-val ued images and robust estimation was re-
cently demonstrated by Black et. al. [3].

4. Resultsand Discussion

The anisotropic smoothing scheme was used to segment
whitematter from MRI data of human cortex. Pixelsagiven
distance from the boundaries of the white matter classifica-
tion were then automatically classified as gray matter. Thus,
gray matter segmentation relied heavily on the white mat-
ter ssgmentation being accurate. Fig. 4 shows comparisons
between gray matter segmentations produced automatically

Z Va(fi, f)pi(fi)p; (f;)

] |



Figure 4:  Left images show manual gray matter segmentation
results; right images show the automatically computed gray matter
segmentation.

by the proposed method and those obtained manually. More
examples can befoundin [11].

The technique being proposed bears some superficia re-
semblance to schemes that anisotropically smooth the raw
image before classification [6]. Besides the connection be-
tween our techniqueand M AP estimation of Markov random
fields, which is absent in schemes that smooth the image
directly, there are two other important differences. First,
anisotropic smoothing of the raw image does not take into
consideration the discrete number of classesthat are actually
present. Second, anisotropic smoothing of the raw image
is only applicable when the noise corrupting the image is
additive and class independent. For example, if the class
means were identical and the classes differed only in their
variances, then anisotropic smoothing of the raw image is
ineffective. Onthe other hand, applying ani sotropicsmooth-
ing on the posterior probabilitiesis still feasible even when
the class likelihoods are described by general probability
mass functions.

The equival ence between ani sotropic smoothing of pos-
terior probabilitiesand M RF' s with discontinuity fields also
offersasolutionto the problems of edge handling and miss-
ingdata. Thesetwoissuescan betreated inthe same manner
asintraditional regularization. Solving of the latter implies
that MAP classification can be obtained even at locations
where the pixel values are not provided.
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